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Abstract: The millicharged particle has become an attractive topic to probe physics
beyond the Standard Model. In direct detection experiments, the parameter space of mil-
licharged particles can be constrained from the atomic ionization process. In this work, we
develop the relativistic impulse approximation (RIA) approach, which can duel with atomic
many-body effects effectively, in the atomic ionization process induced by millicharged par-
ticles. The formulation of RIA in the atomic ionization induced by millicharged particles
is derived, and the numerical calculations are obtained and compared with those from
free electron approximation and equivalent photon approximation. Concretely, the atomic
ionizations induced by mllicharged dark matter particles and millicharged neutrinos in high-
purity germanium (HPGe) and liquid xenon (LXe) detectors are carefully studied in this
work. The differential cross sections, reaction event rates in HPGe and LXe detectors, and
detecting sensitivities on dark matter particle and neutrino millicharge in next-generation
HPGe and LXe based experiments are estimated and calculated to give a comprehensive
study. Our results suggested that the next-generation experiments would improve 2-3 or-
ders of magnitude on dark matter particle millicharge δχ than the current best experimen-
tal bounds in direct detection experiments. Furthermore, the next-generation experiments
would also improve 2-3 times on neutrino millicharge δν than the current experimental
bounds.
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1The order of authors is arranged according to the contributions, rather than using the conventional
alphabetical order.
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1 Introduction
Charge quantization is one of the most profound and fascinating open problems in physics.
After exploring for several decades, the validity of charge quantization is still not revealed.
All the observed elementary particles in Standard Model have quantized electric charge,
but the underling nature is still a mystery and can’t be solved in the context of Standard
Model. The electric charge quantization can be predicted in many theories beyond Standard
Model, i.e., grand unifications [1], magnetic monopoles [2, 3], and extra dimensions [4, 5].
However, no clear evidences have ever been provided as a confirmation for such theories.
Recently, a lot of studies propose a category of new particles, whose electric charge is
tiny and non-quantized. These particles are named as “millicharged particles” [6] 1 and has
stimulated a number of theoretical and experimental investigations [7, 8]. The experimental
studies on millicharged particles can be carried out through reactor experiments [9], positro-
nium decays [10], solar and celestial bodies observations [8], cosmic microwave background
(CMB) [11], big bang nucleosynthesis (BBN), supernovas [12], 21-cm line observations [13],
accelerator and collider experiments [14–16]. These experiments strictly constrain the mass
of millicharged particles, as well as its electric charge over past few years.
The millicharged particle has tiny electric charge, it could have electromagnetic inter-
actions with target atoms or molecules. For instance, it can cause the following atomic
ionization process
χ+A→ χ+A+ + e− (1.1)
Therefore, in the direct detection experiments, the millicharged particles can be caught
and detected from the signals produced by atomic ionization processes. In future super-
terranean or underground experiments, i.e., the China Dark matter EXperiment (CDEX)
experiments located at China Jin-Ping underground Laboratory (CJPL) [17], through
searching the ionization, scintillation or heat signals in real detectors produced by atomic
ionization processes, we can detect these unknown millicharged particles and give a con-
strain on their parameter space.
Previous studies on atomic ionization process induced by millicharged particles are often
proceeded based on the free electron approximation (FEA) [9]. In the FEA, the calculation
is the simplest and atomic many-body effects are neglected. The FEA approach works
well in the high-energy transfer region, where atomic binding effects are negligible and the
atomic electrons are approximately free. However, in the low-energy transfer region, the
atomic binding effects become dominant, thus the FEA breaks down and new approaches
inspired by many-body physics are needed.
Apart from the FEA, there are other approaches used in the studies of atomic ioniza-
tions induced by millicharged particles. For instance, the equivalent photon approximation
(EPA) is frequently used [9]. In the EPA approach, the atomic many-body effects can be
partly considered. In this formulation, contributions coming from virtual photons in the
electromagnetic interaction are equivalent to contributions from real photons. However,
1In some literatures, the “millicharged particle” is also called as “minicharged particles, i.e., in reference
[8].
– 2 –
there is a fatal weakness: the EPA is valid only when energy transfer is extremely small (in
the T → 0 limit). Therefore, a precise method which could deal with atomic many-body
effects in the entire energy region is especially needed.
Recently, a new approach—the relativistic random-phase approximation—is applied to
the studies of millicharged particles to treat the atomic many-body effects [18–21]. However,
this method is complicated in numerical calculations, especially when the incident particle
energy is extremely high [22]. A relatively simple approach that could contain atomic
many-body effects in the entire energy region would be helpful. Inspired by the previous
researches, in this work, we develop the relativistic impulse approximation (RIA) in the
atomic ionization process induced by millicharged particles.
The original ideas and framework of RIA approach are developed in previous years to
handle a number of electromagnetic interactions in atomic physics, such as atomic Compton
scattering [23–25], electron impact [26] and other atomic processes [27, 28]. The atomic
many-body effects can be treated effectively in the RIA approach. With the advantages
of simplicity and flexibility, the RIA formulation has been widely applied to atomic and
molecular physics [29–31], condensed matter physics [32, 33], nuclear and elementary par-
ticle physics [34–36]. In particular, in the conventional Monte Carlo simulation program
Geant4 [37], which are extensively used in nuclear and elementary particle physics experi-
ments, many processes are treated using the formulation of RIA [38–40].
In the present work, we develop the RIA approach for the atomic ionization process
induced by millicharged particles. The formulation of RIA is derived, and the numerical
calculations are obtained and compared with those from FEA and EPA approaches. These
comparisons should give us information of the influences brought by atomic many-body
effects, especially in the low-energy transfer regions. Our RIA approach developed in this
work is quite general, irrelevant to the material composition of detectors and the underling
nature of millicharged particles.
In the numerical calculations, we choose Ge and Xe elements as detector materials to
study the atomic ionization processes induced by millicharged particles. The Ge and Xe
elements are ideal materials for experimental detection of charged or neutral particles. With
sufficient low threshold, large effective volume, high efficiency and ultra low background,
high-purity germanium (HPGe) and liquid xenon (LXe) detectors are most generally used
in particle physics experiments, especially for dark matter direct detections and neutrinoless
double beta decay experiments [17, 41–49].
In this work, we consider two categories of millicharged particles: millicharged dark
matter particles and millicharged neutrinos. Dark matter problem is one of the most im-
portant topics in elementary particle physics, astrophysics, astronomy and cosmology. Cur-
rently, accumulating evidences in special rotation curves of spiral galaxies [50–52], gravita-
tional lensing [53], large scale structure formation [54, 55], cosmic microwave background
and baryon acoustic oscillations [56, 57] have indicated that there are large amount of
non-luminous dark matter in our universe [41, 58]. Therefore, direct detection of dark mat-
ter particle becomes an extremely significant and urgent work [41]. Neutrino physics also
becomes a promising field in elementary particle physics, astrophysics, astronomy and cos-
mology, for it can reveal many aspects of physics beyond the Standard Model, e.g., baryon
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non-conservation [59], matter-antimatter asymmetry [60, 61], neutrino oscillation [62, 63],
seesaw mechanism [64], and their Dirac or Majorana nature of fermions [42, 65]. Interest-
ingly, there is an overlap, recent studies suggested that neutrino may become millicharged
particles and they may have tiny electromagnetic interactions [66, 67].
Concretely, we study the ionization of Ge and Xe atoms by millicharged particles,
calculating the differential cross section and the reaction event rate of these ionization
processes in real HPGe and LXe detectors. The low-energy transfer and near threshold
regions, where atomic many-body effects could have great impacts, are especially considered.
The estimation of detecting sensitivities for dark matter particle and neutrino millicharge
in next-generation HPGe and LXe based experiments is also provided according to the
reaction event rate the and experimental background level. Furthermore, to calculate the
ground state wavefunctions and electron momentum distributions for atomic systems, a
fully relativistic Dirac-Fock theory [68–72] is employed in this work.
This paper is organised as follows: section 2 gives an introduction of the millicharged
particle; section 3 briefly describes the general ideals for RIA approach; section 4 is devoted
to theoretical derivation of RIA approach in the atomic ionization process induced by
millicharged particles; numerical results and discussions are given in section 5 and section
6 for millicharged dark matter particle as well as millicharged neutrino; and conclusions
and future perspectives are summarized in section 7. Furthermore, in the appendices, we
give descriptions on free electron approximation (FEA), equivalent photon approximation
(EPA) and the Dirac-Fock theory.
2 Millicharged Particles
This section gives a brief introduction to the millicharged particles. The mechanism giv-
ing rise to the millichaged particle and the current experimental bounds for millicharged
particles are mainly discussed.
The millicharged particle can be obtained from theories beyond the Standard Model
[12, 14]. In particular, we will describe two mechanisms that could give rise to millicharged
particles in this section.
First, millicharged particles can be generated in the extension of Standard Model by
introducing an additional unbroken local U(1)h gauge group to the Standard Model gauge
group [12, 73–75]. All Standard Model particles are singlets under the new gauge group
U(1)h. We also add a massive hidden fermion χ charged under the new gauge group U(1)h
only. Therefore, together with the Abelian gauge group U(1)Y in the Standard Model,
there are two Abelian gauge groups: U(1)Y and U(1)h. The two gauge fields associated
with gauge groups U(1)Y and U(1)h can couple to each other through the kinetic mixing.
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The Lagrangian for this model is 2:
L = L0 + L1
= −1
4
FµνF
µν − 1
4
VµνV
µν − κ
2
FµνV
µν + JBµ B
µ + JCµ C
µ
+f¯(ic~γµ∂µ −mfc2)f + χ¯(ic~γµ∂µ −mχc2)χ (2.1)
Here, γµ is the conventional Dirac–γ matrices, Bµ is the gauge field of U(1)Y group, Cµ is
the gauge field of U(1)h group, f is Standard Model fermion and χ is the hidden fermion
charged under new gauge group U(1)h. The Fµν = ∂µBν − ∂νBµ and Vµν = ∂µCν − ∂νCµ
are the field strength for Bµ and Cµ, respectively. Moreover, JBµ = gS f¯γµf is the current
associating with the U(1)Y gauge field Bµ, and JCµ = ghχ¯γµχ is the current associating
with the additional U(1)h gauge field Cµ. The κ denotes the kinetic mixing parameter
between two gauge fields Bµ and Cµ.
To make the physical picture clearer, we introduce the following two gauge fields Aµ
and A˜µ as the combination of gauge field Bµ and Cµ:
Bµ =
1√
1− κ2A
µ (2.2a)
Cµ = − κ√
1− κ2A
µ + A˜µ (2.2b)
After the definition and re-coupling of Aµ and A˜µ, the Lagrange density can be rewritten
as [75]:
L1 = JBµ Bµ + JCµ Cµ + χ¯(ic~γµ∂µ −mχc2)χ
=
[
1√
1− κ2J
B
µ −
κ√
1− κ2J
C
µ
]
Aµ + JCµ A˜
µ + χ¯(ic~γµ∂µ −mχc2)χ
= JAµ A
µ + J˜ A˜µ A˜
µ + χ¯(ic~γµ∂µ −mχc2)χ (2.3)
From this rearrangement, it can be clearly manifested that, the bosonic field Aµ is coupled
with currents JBµ and JCµ , while the bosonic field A˜µ is coupled with JCµ only. In this
picture, our universe can be divided into two parts: the Standard Model sector and the
“hidden sector”. Accordingly, JBµ = gS f¯γµf is the current in the Standard Model sector,
while JCµ = ghχ¯γµχ can be viewed as “current” in the hidden sector, with Aµ and A˜µ to
be the ordinary photon and “dark photon” in the Standard Model sector and hidden sector
3. The gh is the coupling between the “dark photon” A˜µ and the hidden sector fermion χ,
and gS is the coupling between photon Aµ and Standard Model fermion f . There is one
important point should be noted, based on Eq. (2.3), the “current” JCµ = ghχ¯γµχ in the
hidden sector not only couples with the dark photon A˜µ, but also couples with photon Aµ.
Therefore, in this picture, a fermion χ living in the hidden sector not only acts as a charged
2In this work, we have made the speed of light explicitly, rather than taking the natural unit c = 1. In
the ab initio calculations in atomic or molecular physics, the atomic unit is frequently adopted, and the
speed of light takes the value c ≈ 137.036 in this unit.
3For simplicity, we omit the electro-weak mixing in this section. More complicated cases should include
the electro-mixing as well as the Higgs mechanism in the Standard Model.
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particle in the hidden sector, but also behaves likes a charged particle in the Standard
Model sector. Its electric charge can be determined through the coupling between “current”
JCµ and photon Aµ:
− κ√
1− κ2J
C
µ = −
κ√
1− κ2 ghχ¯γµχ
⇒ qχ ≡ δχe = − κ√
1− κ2 gh
⇒ δχ = − κ√
1− κ2
gh
e
(2.4)
Assuming the kinetic mixing is extremely small, namely κ 1, then the electric charge of
hidden sector fermion χ is tiny, which makes it to be a millicharged particle. In this case, the
electric charge of the millicharged particle χ can be further simplified as qχ = δχe ≈ −κgh.
In the aforementioned models, the “dark photon” A˜µ could acquire mass through the
Higgs mechanism or Stückelberg mechanism [74, 75]. Therefore, the parameter space of
“dark photon” naturally consists of its mass mA˜ and kinetic mixing κ. In recent years, the
studies of “dark photon” have attracted considerable attention [76, 77].
Furthermore, the millicharged particle can also be generated by other mechanisms. For
instance, a class of models can be constructed by introducing right-handed massive fermion,
which is a singlet under the SU(2)L Standard Model gauge group [8]. The Lagrangian for
these models is:
L = L0 + L1
= −1
4
FµνF
µν − χ¯(ic~γµ∂µ −mχc2)χ+ δχeχ¯γµBµχ (2.5)
where γµ is the conventional Dirac–γ matrices, and Bµ is the gauge boson in the U(1)Y
Standard Model gauge group. In these models, the right-handed massive fermion χ is the
millicharged particle with mass to bemχ, and its electric charge is related to the millicharge
δχ via qχ = δχe. Particularly, the neutrino millicharge, which will be discussed in section
6, can be obtained in this way by introducing right-handed Dirac neutrinos [67].
The parameter space of the millicharged particle is defined by (mχ, δχ). Many ex-
perimental investigations have strongly constrained the parameter space of millicharged
particles. Figure 1 gives the current experimental bounds for millicharged particles. This
figure presents measurements and observations from astrophysics, cosmology, and particle
physics experiments. The cosmological and astrophysical bounds from the sun (SUN) [8],
horizontal branch stars (HB) [12], red-giant (RG) [12, 79], white dwarf (WD) [12, 79], su-
pernova (SN1987A) [80], cosmic microwave background (CMB) [11, 12, 81] and big bang
nucleosynthesis (BBN) [12] are denoted as dashed lines. Direct detections from the un-
derground experiments (XENON [82] and Super-Kamiokande [83]), reactor experiments
(TEXONO) [9, 84], positronium decays (OPOS) [10] are displayed as solid lines. The ex-
perimental constrains from accelerators and colliders (COLL [79, 85], SLAC [86], LHC [14],
E613 [87], MiniBooNE [88], ArgoNeuT [89]) are also presented in this figure as comparisons.
Furthermore, this figure also gives our estimations of detecting sensitivity for millicharged
dark matter particles in next-generation LXe based experiments calculated using our RIA
approach developed in this work.
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Figure 1. The current experimental bounds for millicharged particles. In this figure, the horizontal
axis labels the mass of millicharged particles mχ, and the vertical axis labels the millicharge δχ.
Both the horizontal axis and vertical axis are plotted employing logarithmic coordinates. The
upper and lower panels correspond to two different mechanisms: upper panel shows the exclusion
region for models with an additional U(1)h gauge group; lower panel shows the exclusion region
for models with right-handed massive fermions, which are SU(2)L singlets in the Standard Model
gauge group. This figure present measurements and observations from astrophysics, cosmology, and
particle physics experiments. The cosmological and astrophysical bounds from the sun (SUN) [8],
horizontal branch stars (HB) [12], red-giant (RG) [12, 79], white dwarf (WD) [12, 79], supernova
(SN1987A) [80], cosmic microwave background (CMB) [11, 12, 81] and big bang nucleosynthesis
(BBN) [12] are denoted as dashed lines. Direct detections from the underground experiments
(XENON [82] and Super-Kamiokande [83]), reactor experiments (TEXONO) [9, 84], positronium
decays (OPOS) [10] are displayed as solid lines. The experimental constrains from accelerators and
colliders (COLL [79, 85], SLAC [86], LHC [14], E613 [87], MiniBooNE [88], ArgoNeuT [89]) are
also presented in this figure as comparisons. Furthermore, our estimations of detecting sensitivity
for millicharged dark matter particles in next-generation LXe based experiments calculated using
our RIA approach are also shown in this figure.
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3 General Pictures for the RIA approach
In this section, we give an introduction of the RIA approach used in electromagnetic inter-
actions in atomic physics. The general ideas, physical pictures, and theoretical formulation
of the RIA approach are introduced in details. The development of the RIA approach in
the atomic ionization process induced by millicharged particles is given in section 4.
In the formulation of RIA, due to atomic binding effects, the atomic bound electrons in
an atom have a momentum distribution, which can be determined through its ground state
wavefunctions. In the scattering process, electrons with different momentum scattered
with incident particle independently, the interference term between different momentum
electrons is omitted for simplicity. With the advantages of simplicity and flexibility, the
RIA formulation has been extensively used in many atomic physics processes, especially
in the atomic Compton scattering [23–25, 90–93], electron impact [26], and other atomic
processes [27–29].
In the following part, we will use the atomic Compton scattering
γ +A→ γ +A+ + e− (3.1)
as an example to illustrate the general pictures and basic ideas for RIA formulation. In
atomic Compton scattering, consider an incident photon with energy ωi and momentum ki
scattering with a bound electron with energy Ei and momentum pi. After scattering, the
energy and momentum of emitted photon are ωf and kf , and energy and momentum of
final state electron are Ef and pf . Then the doubly-differential cross section (DDCS) of
Compton scattering in RIA formulation is given by [24, 25]:
d2σ
dωfdΩf
=
r20m
2c4
2
ωf
ωi
∫∫∫
d3piρ(pi)
X(Ki,Kf )
EiEf
δ(Ei + ωi − Ef − ωf ) (3.2)
where r0 is the electron classical charge radius, Ei =
√
p2i c
2 +m2c4 andEf =
√
p2fc
2 +m2c4
are the energy of initial and final state electrons, respectively. The functions Ki, Kf are
defined as:
Ki = k
µ
i · piµ =
Ei · ωi
c2
− pi · ki (3.3a)
Kf = k
µ
f · piµ =
Ei · ωf
c2
− pi · kf = Ki − ωiωf (1− cos θ)
c2
(3.3b)
The function X(Ki,Kf ) is proportional to the reaction probability of the free electron
Compton scattering γ + e → γ + e, which is between the incident photon γ and electron
momentum eigenstate |pi〉. It is defined as:
X(Ki,Kf ) =
Ki
Kf
+
Kf
Ki
+ 2m2c2
(
1
Ki
− 1
Kf
)
+m4c4
(
1
Ki
− 1
Kf
)2
(3.4)
Here, ρ(pi) denotes the momentum distribution of electrons, which is calculated through its
ground state wavefunctions. From Eq. (3.2), it is easy to see that in the RIA formulation
electrons with different momentum eigenstate |pi〉 scattered with photon γ independently,
– 8 –
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Figure 2. Coordinate system XY Z and xyz. Coordinate system XY Z is chosen such that the
Z axis is along the direction of initial photon γ, and X axis can be chosen as arbitrary direction
perpendicular to the Z axis. While the coordinate system xyz is chosen such that the z axis
represents the momentum transfer direction. After Compton scattering, the momentum of the
scattered photon is denoted as kf , and the momentum transfer vector q is defined as q ≡ kf − ki.
and the interference term between different momentum eigenstate is omitted. In this ap-
proach, atomic many-body effects are mainly reflected in the momentum distribution of
atomic bound electrons.
In the previous studies, Roland Ribberfors et al. pointed out that the reaction probabil-
ity functionX(Ki,Kf ) in Eq. (3.2) is a slow-varying function with respect to the integration
variable pi. Therefore, it can be pulled out of the integration [24, 25, 34]. Successively,
Ribberfors et al. made an approximation for function X(Ki,Kf ):
X(Ki,Kf ) ≈ X(pz)
=
Ki(pz)
Kf (pz)
+
Kf (pz)
Ki(pz)
+ 2m2c2
(
1
Ki(pz)
− 1
Kf (pz)
)
+m4c4
(
1
Ki(pz)
− 1
Kf (pz)
)2
(3.5)
with Ki(pz) and Kf (pz) defined as:
Ki(pz) =
ωiE(pz)
c2
+
ωi(ωi − ωf cos θ)pz
c2q
(3.6a)
Kf (pz) = Ki(pz)− ωiωf (1− cos θ)
c2
(3.6b)
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In the above expressions, q is the modulus of the momentum transfer vector q ≡ kf − ki,
and pz is the projection of the electron’s initial momentum on the momentum transfer
direction
pz =
p · q
q
=
ωiωf (1− cos θ)− E(pz)(ωi − ωf )
c2q
(3.7)
with energy E(pz) defined by
E(pz) =
√
m2ec
4 + p2zc
2 (3.8)
In the above calculations, the coordinate system xyz is chosen such that the z axis repre-
sent the momentum transfer direction in the Compton scattering process. The coordinate
systems xyz and XY Z is defined and illustrated in figure 2. In many literatures [25, 34, 92],
a convenient approximation for pz component is proposed as follows:
pz ≈ ωiωf (1− cos θ)−mc
2(ωi − ωf )
c2q
(3.9)
This approximation works well for small pz values, however, it can cause notable discrep-
ancies for large pz values.
Using the above assumptions, the DDCS of atomic Compton scattering process in the
RIA formulation is given by:(
d2σ
dωfdΩf
)
RIA
=
r20
2
m
q
mc2
E(pz)
ωf
ωi
X(pz)J(pz) = Y
RIA · J(pz) (3.10)
In this expression, the correction factor J(pz) in the DDCS is called as the atomic Compton
profile [94]
J(pz) ≡
∫
ρ(p)dpxdpy (3.11)
with ρ(p) to be the ground state electron momentum density of the atomic system. For
most of the atomic systems, the momentum distribution is spherical symmetric, then the
atomic Compton profile reduces to
J(pz) = 2pi
∞∫
|pz |
pρ(p)dp (3.12)
In this work, we only consider the spherical symmetric cases, and we use a fully relativistic
Dirac-Fock theory to calculate the ground states of atomic systems and obtain their atomic
Compton profiles.
The DDCS of atomic Compton scattering in the RIA formulation in Eq. (3.10) can
be further simplified. In former studies, an alternative and simpler approximation of the
reaction probability function X(Ki,Kf ) was made by taking the pz → 0 limit of X(pz),
which finally gives its FEA value (also called as the Klein-Nishina value) [25, 92]
X(Ki,Kf ) ≈ XKN = ωi
ωf
+
ωf
ωi
− sin2 θ (3.13)
– 10 –
Therefore, the simplified results of DDCS for atomic Compton scattering in RIA formulation
can be expressed as:(
d2σ
dωfdΩf
)
RIA
=
r20
2
m
q
ωf
ωi
XKNJ(pz) = Y
RIA
KN · J(pz) (3.14)
From Eq. (3.10) and Eq. (3.14), it is obvious that the DDCS of atomic Compton
scattering in the RIA approach factorizes into two parts(
d2σ
dωfdΩf
)
RIA
= Y RIA · J(pz) (3.15)
The factor Y RIA is dependent on the kinematical and dynamical properties of atomic Comp-
ton scattering, and it is irrelevant to the electronic structure of target materials. The correc-
tion factor J(pz), known as the Compton profile, is related to the momentum distributions
of electrons in the atomic or molecular ground state. In the RIA approach, all the atomic
many-body effects can be incorporated into atomic Compton profiles.
Given the DDCS in atomic Compton scattering, the differential cross section with
respect to the energy transfer can be calculated through the integration(
dσ
dT
)
RIA
=
∫
dΩf
(
d2σ
dωfdΩf
)
RIA
=
∫
dΩf
r20
2
me
q
mec
2
E(pz)
ωf
ωi
X(pz)J(pz) (3.16)(
dσ
dT
)
RIA
=
∫
dΩf
(
d2σ
dωfdΩf
)
RIA
=
∫
dΩf
r20
2
me
q
ωf
ωi
XKNJ(pz) (3.17)
with T = ωi − ωf to be the energy transfer in Compton scattering. With the atomic
many-body effects incorporated into atomic Compton profiles, the RIA formulation could
overcome the shortcomings in the FEA formulation. Therefore, it is a practical approach to
calculate the Compton scattering in the low-energy transfer region or near photoionization
threshold region. With the advantages of simplicity and flexibility, the RIA formulation
has been widely applied to atomic [25], condensed matter [32, 33], nuclear and elementary
particle physics [34, 36]. In particular, in the Monte Carlo simulation program Geant4 [37],
which are extensively used in nuclear and elementary particle physics, several algorithms
employ the RIA approach to treat the Compton scattering process [38–40]. Furthermore,
atomic Compton profile J(pz) can also reflect some important information in condensed
matter physics and material science, i.e. the electronic structure [95, 96], electron momen-
tum distribution [96, 97], electron correlation [33, 98], band structure, and Fermi surface
[99, 100].
4 The RIA Approach for the Atomic Ionization induced by Millicharged
Particles
In this section, we develop the RIA approach to the atomic ionization process induced by
millicharged particles
χ+A→ χ+A+ + e−
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The derivation of the RIA formulation for the atomic ionization process is presented in de-
tail. The differential cross section of the atomic ionization process is focused and discussed.
The general results of the doubly-differential cross section (DDCS) are given in subsection
4.1, and simplified results of DDCS are given in subsection 4.2. In subsection 4.3, we give
comments on our newly developed RIA approach for atomic ionization process induced by
millicharged particles. Finally, the explicit expressions for differential cross section with
respect to energy transfer are presented in 4.4.
4.1 General Result of the Doubly-Differential Cross Section (DDCS)
For the atomic ionizations induced by millicharged particles χ + A → χ + A+ + e−, con-
sider the millicharged particle with energy Eχ and momentum kχ. After the ionization,
the energy and momentum of millicharged particle become E′χ and k′χ, respectively. Sim-
ilar to the cases discussed in section 2, in RIA formulation, the electron in an atom has a
momentum distribution ρ(pi), which is calculated through the electron momentum wave-
function of atomic ground state. Further, atomic electrons with different momentum pi
scatter independently with millicharged particles, and interactions between electrons with
different momentum are omitted. After the ionization process, final state electron gets
momentum pf . Therefore, in the RIA approach, the DDCS of the atomic ionization pro-
cess χ + A → χ + A+ + e− is calculated by summing over contributions from all possible
momentum pi:
(
d2σ
dE′χdΩ′χ
)
RIA
=
r20m
2
ec
4
2
E′χ
Eχ
∫∫∫
d3piρ(pi)
X
EiEf
δ(Ei + Eχ − Ef − E′χ) (4.1)
where Ω′χ is the solid angle for scattered millicharged particles, Ei =
√
p2i c
2 +m2c4 and
Ef =
√
p2fc
2 +m2c4 are energies of initial and final state electrons, respectively. The
function X is proportional to the reaction probability of the scattering between millicharged
particle and electron momentum eigenstate, namely the scattering process χ+e− → χ+e−
with electron momentum eigenstate |pi〉. In the atomic Compton scattering, the function X
is given by Eq. (3.4) in section 2. In the atomic ionization process induced by millicharged
particles, the probability function X should be calculated through the scattering amplitude
of χ + e− → χ + e−. This process is very similar to the Rutherford scattering process
p+ + e− → p+ + e−. In analogy with the Rutherford scattering, the function X can be
write as [101]:
X = δ2χ
u2 + s2 + 4t(m2ec
4 +m2χc
4)− 2(m2ec4 +m2χc4)2
t2
(4.2)
Function X in Eq. (4.2) is directly obtained from the probability of Rutherford scattering
with the replacement: p → χ, me → mχ and e → qχ = δχe. Here, s, t, u are Mandelstam
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Figure 3. In the atomic ionization process induced by millicharged particles, the coordinate systems
XY Z and xyz are chosen similar to the cases in atomic Compton scattering (in figure 2). The
coordinate system XY Z is chosen such that the Z axis is along the direction of initial momentum
kχ for millicharged particle, and X axis can be chosen as arbitrary direction perpendicular to the Z
axis. The momentum for the scattered millicharged particle is denoted as k′χ, and the momentum
transfer vector qχ in atomic ionization process is defined as qχ ≡ k′χ − kχ. In this coordinate, the
axis z represents the momentum transfer direction.
variables defined as:
s ≡ (pi + kχ)2c2 = m2ec4 +m2χc4 + 2
(
EiEχ − pi · kχ · c2
)
(4.3a)
t ≡ (ki − k′χ)2c2 = 2m2χc4 − 2
(
EχE
′
χ − kχ · k′χ · c2
)
= 2m2χc
4 − 2(EχE′χ − kχk′χc2 cos θ) (4.3b)
u ≡ (pi − k′χ)2c2 = m2ec4 +m2χc4 − 2
(
EiE
′
χ − pi · k′χ · c2
)
(4.3c)
According to the property of Mandelstam variables s+ t+u = 2m2ec4 +2m2χc4, the variable
u can be simplified as:
u = m2ec
4 −m2χc4 − 2
(
EiEχ − pi · kχ · c2
)
+ 2
(
EχE
′
χ − kχk′χc2 cos θ
)
(4.4)
Choosing an appropriate coordinate system will benefit the numerical calculation. In
this work, the coordinate system xyz is chosen similar to the cases in atomic Compton
scattering (in figure 2). In the xyz system displayed in figure 3, the z axis represents the
momentum transfer direction. After introducing such coordinate system, the momentum
component pz is determined by energy and momentum conservations p
µ
i +k
µ
χ = p
µ
f + (k
′
χ)
µ.
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The explicit expression for pz is given by:
pz =
pi · qχ
qχ
=
EχE
′
χ − E(pz)(Eχ − E′χ)
c2qχ
− kχk
′
χ cos θ +m
2
χc
2
qχ
(4.5)
with qχ to be the modulus of the momentum transfer qχ = k′χ−kχ in the scattering process
qχ =
√
k2χ + (k
′
χ)
2 − 2kχk′χ cos θ (4.6)
and E(pz) =
√
m2ec
4 + p2zc
2. Assuming that millicharged particles are massive particles,
then the initial and final state momentum kχ and k′χ can be calculated as:
kχ =
√
E2χ −m2χc4
c
, k′χ =
√
E′χ
2 −m2χc4
c
(4.7)
Similar to the cases in Compton scattering, from the energy and momentum conservations,
it can be revealed that pz and E(pz) are exactly the energy and momentum minimum of
the initial state electrons activated in the ionization process, namely
pmini = |pz|; Emini = E(pz) (4.8)
Furthermore, the momentum component pz can be approximated as:
pz ≈
EχE
′
χ −mec2(Eχ − E′χ)
c2qχ
− kχk
′
χ cos θ +m
2
χc
2
qχ
(4.9)
However, it should be noted that Eq. (4.9) only valid when pz is sufficiently small.
Similar to the cases in Compton scattering, the probability function X in the integrand
of Eq. (4.1) is can be averaged and pulled out of the integration as Roland Ribberfors et
al. did in Compton scattering in reference [24, 25] (see Eq. (3.5) in section 2). Concretely,
we can take the following approximation:
X ≈ X(s(pz), t(pz), u(pz))
= δ2χ
u(pz)
2 + s(pz)
2 + 4t(pz)(m
2
ec
4 +m2χc
4)− 2(m2ec4 +m2χc4)2
t(pz)2
(4.10)
And the corresponding values of Mandelstam variables can be expressed by:
s(pz) = m
2
ec
4 +m2χc
4 + 2
[
E(pz)Eχ +
kχ(kχ − k′χ cos θ)pzc2
qχ
]
(4.11a)
t(pz) = t = 2m
2
χc
4 − 2(EχE′χ − kχk′χc2 cos θ) (4.11b)
u(pz) = m
2
ec
4 −m2χc4 + 2
(
EχE
′
χ − kχk′χc2 cos θ
)− 2[E(pz)Eχ + kχ(kχ − k′χ cos θ)pzc2
qχ
]
(4.11c)
Obviously, the above approximation of probability function X in Eq. (4.10) made from Eq.
(4.2) indicates that the electron initial momentum pi is specified only in the momentum
– 14 –
transfer direction z, while momentum components in other directions px and py are omitted
for simplicity.
Based on the above assumptions, we substitute the approximation (4.10) into Eq. (4.1)
and simplify the energy of electron as Ei ≈ Emini = E(pz). Finally, the DDCS of atomic
ionization process induced by millicharged particles can be expressed as:(
d2σ
dE′χdΩ′χ
)
RIA
=
r20
2
me
qχ
mec
2
E(pz)
E′χ
Eχ
X(s(pz), t(pz), u(pz))J(pz) = Y
RIA · J(pz) (4.12)
4.2 Simplified Result of the Doubly-Differential Cross Section (DDCS)
In this subsection, we provide a simpler version in the calculation of DDCS in atomic ion-
ization process induced by millicharged particles. Simpler results of DDCS can be achieved
by making more simplified approximation for probability function X in the calculation of
Eq. (4.1). For instance, similar to the cases in atomic Compton scattering, an alternative
and simpler approximation of function X in Eq. (4.10) can be made by taking the pz → 0
limit of X(s(pz), t(pz), u(pz)), which finally gives:
X ≈ Xsim = δ2χ
u2sim + s
2
sim + 4tsim(m
2
ec
4 +m2χc
4)− 2(m2ec4 +m2χc4)2
t2sim
(4.13)
Correspondingly, the 3 Mandelstam variables s, t, u can be further simplified as:
ssim = m
2
ec
4 +m2χc
4 + 2mec
2Eχ (4.14a)
tsim = t = 2m
2
χc
4 − 2(EχE′χ − kχk′χc2 cos θ) (4.14b)
usim = m
2
ec
4 −m2χc4 − 2mec2Eχ + 2
(
EχE
′
χ − kχk′χc2 cos θ
)
(4.14c)
Using the approximation (4.13), the DDCS of atomic ionization process induced by mil-
licharged particles can be further simplified as:(
d2σ
dE′χdΩ′χ
)
RIA
=
r20
2
me
qχ
E′χ
Eχ
XsimJ(pz) = Y
RIA
sim · J(pz) (4.15)
4.3 Some Comments
From the above results in Eqs. (4.12) and (4.15), it is evident that the DDSC of the atomic
ionization process induced by millicharged particles can be summarized as:(
d2σ
dE′χdΩ′χ
)
RIA
= Y RIA · J(pz) (4.16)
This results of DDCS for atomic ionization process induced by millicharged particle in Eq.
(4.16) is similar to the cases in atomic Compton scattering introduced in section 3 (the Eq.
(3.15)). From Eq. (4.12), it is clearly that the DDCS of the atomic ionization process also
factorizes into two parts: the factor Y RIA and the atomic Compton profile J(pz). The kine-
matical and dynamical property of the atomic ionization process is incorporated in factor
Y RIA, irrespective of the the material elements and electron structures in atomic systems.
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The correction from the atomic effects and electronic structures is mainly incorporated into
the atomic Compton profile J(pz) as in atomic Compton scattering.
It should be noted that the above results in Eqs. (4.1) – (4.15) only correspond to the
single electron systems. However, the detector atom is usually a multi-electron system and
consists of electrons form different subshells. Summing over contributions from all subshell
electrons, the DDCS of the multi-electron atomic system can be calculated as:(
d2σ
dE′χdΩ′χ
)
RIA
=
r20
2
E′χ
Eχ
me
qχ
mec
2
E(pz)
X(s(pz), t(pz), u(pz))
×
∑
njl
ZnjlJnjl(pz)Θ(Eχ − E′χ − EBnjl)
=
r20
2
E′χ
Eχ
me
qχ
[
1 +
(
pzc
mec2
)2]−1/2
X(s(pz), t(pz), u(pz))
×
∑
njl
ZnjlJnjl(pz)Θ(Eχ − E′χ − EBnjl) (4.17)(
d2σ
dE′χdΩ′χ
)
RIA
=
r20
2
me
qχ
E′χ
Eχ
Xsim ×
∑
njl
ZnjlJnjl(pz)Θ(Eχ − E′χ − EBnjl) (4.18)
In the above expressions, Jnjl(pz) is the atomic Compton profile for subshell (njl)
Jnjl(pz) ≡
∫∫
ρnjl(p)dpxdpy (4.19)
The EBnjl is the atomic binding energy of subshell (njl), Znjl is the number of electron in
subshell (njl) 4, and Θ(Eχ − E′χ − EBnjl) is the Heaviside step function
Θ(x) ≡
{
1 x ≥ 0
0 x < 0
(4.20)
When the energy transfer T = Eχ−E′χ is less than the subshell binding energy EBnjl, electron
in subshell (njl) is inactive in the atomic ionization process induced by millicharged particles
χ+A→ χ+A+ + e−, and this subshell gives zero contributions in the DDCS.
4.4 Differential Cross Section with respect to Energy Transfer
Similarly, given the DDCS of the atomic ionization process induced by millicharged parti-
cles, the differential cross section with respect to the energy transfer T in this process can
be obtained through the integration(
dσ
dT
)
RIA
=
∫
dΩ′χ
(
d2σ
dE′χdΩ′χ
)
RIA
(4.21)
4In relativistic atomic theories, due to spin-orbit couplings, the electron state in a spherical symmetrical
system is specified by quantum number (njl) or (nκ). Furthermore, if magnetic quantum number is taken
into account, the quantum number of electron state becomes (njlmj) or (nκmj). This is different with the
quantum number (nlml) in the non-relativistic atomic theories. More details can be found in appendix C
(see Eq. (C.6) in appendix C).
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with T = Eχ − E′χ to be the energy transfer for atomic ionization process induced by
millicharged particles. Put the DDCS in Eq (4.17) and Eq. (4.18) into the integration,
we finally get the explicit expressions for differential cross section with respect to energy
transfer(
dσ
dT
)
RIA
=
∫
dΩ′χ
(
d2σ
dE′χdΩ′χ
)
RIA
=
∫
dΩ′χ
{
r20
2
E′χ
Eχ
me
qχ
[
1 +
(
pzc
mec2
)2]−1/2
X(s(pz), t(pz), u(pz))
×
∑
njl
ZnjlJnjl(pz)Θ(Eχ − E′χ − EBnjl)
}
(4.22)
(
dσ
dT
)
RIA
=
∫
dΩ′χ
(
d2σ
dE′χdΩ′χ
)
RIA
=
∫
dΩ′χ
{
r20
2
me
qχ
E′χ
Eχ
Xsim ×
∑
njl
ZnjlJnjl(pz)Θ(Eχ − E′χ − EBnjl)
}
(4.23)
To summarise, this section gives the theoretical derivation of our RIA approach in the
atomic ionization process induced by millicharged particles. A promising feature is that
our approach is quite general, depend neither on the underling nature or mechanism of
millicharged particles, nor on the composition of detector materials. Therefore, it can be
extensively applied to the studies of millicharged particles. In this work, we also develop a
numerical program based on the above approach. The numerical calculations are presented
in the next two sections for millicharged dark matter particles and millicharged neutrinos.
5 Numerical Results and Discussions on Millicharged Dark Matter Par-
ticles
This section is devoted to the numerical results of the atomic ionization process induced
by millicharged dark matter particles. Based on our RIA approach derived in section
4, a numerical program is developed utilizing the basic Fortran language. In subsection
5.1, the differential cross sections with respect to energy transfer are obtained for Ge and
Xe atom, and results from our RIA approach are compared with those from FEA and
EPA approaches. In subsection 5.2, the differential reaction event rates in HPGe and LXe
detectors are given for typical experimental environments. Furthermore, in subsection 5.3,
we give an estimation of the detecting sensitivities on dark matter particle millicharge δχ in
next-generation HPGe and LXe based experiments. These numerical results presented in
this section can shed light on theoretical investigations as well as experimental explorations
for millicharged dark matter particles.
5.1 Differential Cross Section
In this subsection, we provide numerical calculations on differential cross section with re-
spect to energy transfer for the atomic ionization process induced by millicharged dark
matter particles.
– 17 –
10-2 10-1 100 101 102 103
10-32
10-31
10-30
10-29
10-28
10-27
10-26
10-25
10-24
10-23
10-22
10-21
   E    = 1 MeV
M c2 = 1 keV
 = 10-12
Ge
 
d
/d
T 
(M
b/
ke
V
)
Energy Transfer T (keV)
 Simplified FEA Results
 FEA Results
 EPA Results
 Simplified RIA Results
 RIA Results
FEA Results
10-2 10-1 100 101 102 103
10-32
10-31
10-30
10-29
10-28
10-27
10-26
10-25
10-24
10-23
10-22
10-21
FEA Results
   E    = 1 MeV
M c2 = 1 keV
 = 10-12
Xe
 
 
d
/d
T 
(M
b/
ke
V
)
Energy Transfer T (keV)
 Simplified FEA Results
 FEA Results
 FEA Results
 Simplified RIA Results
 RIA Results
Figure 4. Differential cross sections of atomic ionization process for Ge and Xe atoms induced
by millicharged dark matter particles. The mass and initial energy of millicharged particle are
chosen as mχc2 = 1 keV and Eχ = 1 MeV, and the dark matter particle millicharge is chosen
to be δχ = 10−12. In this figure, we compare the numerical results on differential cross section
dσ/dT calculated in the FEA, EPA and RIA approaches. The red solid lines correspond to the
FEA results calculated through Eq. (A.3); red dashed lines represent the simplified FEA results
calculated through Eq. (A.4); blue lines stand for the EPA results calculated from Eq. (B.7); black
solid lines show the RIA results calculated using Eq. (4.22); and black dashed lines present the
simplified RIA results calculated using Eq. (4.23).
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Figure 4 shows the differential cross section dσ/dT for atomic ionization process induced
by high-energy millicharged dark matter particles. In this figure, the mass and initial energy
of millicharged particle are chosen as mχc2 = 1 KeV and Eχ = 1 MeV, respectively. The
millicharge of dark matter particle is chosen to be δχ = 10−12 as a typical example. The
numerical results come from FEA, EPA and RIA approaches are given in this figure for
comparisons. Among these approaches, the FEA results calculated through Eq. (A.3)
neglect all the atomic many-body effects, and they could provide a approximate result only
in the high-energy transfer region, in which the atomic electron is nearly free and atomic
binding effects become very weak. However, FEA results fail to give a precise prediction
in the low-energy transfer region because atomic many-body effects have a strong effect on
the atomic ionization process. The simplified FEA results, which are calculated through
Eq. (A.4), can be reduced from FEA results when mχ  me, T  mec2, T  Eχ are
satisfied. The EPA results calculated using Eq. (B.7) could provide a more precise results
than the FEA results in the ultra-low-energy transfer region by including atomic many-
body effects partly. The EPA approach can be derived from quantum field theory when
energy and momentum transfer are extremely small, namely in the T → 0 limit, and it
becomes invalid in high-energy region. The introduction of FEA and EPA approaches is
give in the appendices. Our RIA approaches developed in this work could deal with atomic
many-body effects in the entire region, regardless of the underlining nature of millicharged
particles and the composition of detector materials.
From figure 4, it can be clearly manifested that the differential cross sections dσ/dT
from FEA, EPA and RIA calculations all diminish as energy transfer T increases. In the
low-energy transfer region, both EPA and RIA results acquire larger cross sections than
FEA results, indicating that the atomic many-body effects, including the atomic binding,
electron shielding and electron correlation, could greatly enhance the atomic ionization
process induced by millicharged particles and enlarge their differential cross sections. Par-
ticularly, the EPA results for Xe atom present large peak when energy transfer T ∼ 100 eV.
This is because in the EPA approach, the differential cross section dσ/dT for atomic ioniza-
tion process induced by millicharged particles is proportional to the photonabsorption cross
section, as shown in appendix B (see Eq. (B.7)). For photoabsorption cross section, there is
a giant resonance for 4d electrons of Xe atom in the 100 eV region [102–106] 5. For our RIA
results, in the low-energy transfer region, our RIA results get larger cross section than those
from FEA results; while in the high-energy transfer region, the RIA results do not exhibit
notable differences with respective to FEA results. The physical reason can be explained
naturally: when energy transfer T is much larger than the atomic binding energy EB1s for 1s
electron (which is 11.1 keV for Ge atom and 34.5 keV for Xe atom), the atomic effects can
be neglected and the atomic electron is approximately free. However, when energy transfer
T is sufficient low and is comparable to the atomic binding energy EB1s, atomic binding,
electron shielding as well as electron correlation effects become dominant. In these cases,
atomic electrons can no longer be treated as free electrons, which lead to large deviations
5For Xe atom, there is also a peak in T ∼ 700 eV region due to the resonance for 3d electrons of Xe
atom in the photoabsorption cross section [107]. The peak of 3d electrons for Xe atom in T ∼ 700 eV is
relatively smaller than that of 4d electrons in T ∼ 100 eV
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Figure 5. Differential cross sections for atomic ionization process of Ge and Xe atoms induced
by millicharged dark matter particles. In this figure, the mass and initial energy of millicharged
particle is chosen as mχc2 = 1 keV, Eχ = 10 keV, and the dark matter particle millicharge is chosen
to be δχ = 10−12. The upper and lower panels show the cases of different millicharged particle
mass: the upper panel correspond to mχc2 = 1 keV, and the lower panel correspond to mχc2 = 10
eV. In this figure, we compare the numerical results on differential cross section dσ/dT calculated in
the FEA, EPA and RIA approaches. The red solid lines correspond to the FEA results calculated
through Eq. (A.3); red dashed lines represent the simplified FEA results calculated through Eq.
(A.4); blue lines stand for the EPA results calculated from Eq. (B.7); black solid lines show the
RIA results calculated using Eq. (4.22); and black dashed lines present the simplified RIA results
calculated using Eq. (4.23).
between RIA and FEA results in the low-energy transfer region. Furthermore, figure 4 also
indicates that our RIA results are approaching to the EPA results when energy transfer T
is extremely small, especially in the T → 0 limit. It can be viewed as a demonstration for
the validity and availability of our RIA approach developed in the present work.
Figure 4 also manifested that, for large incident particle energy Eχ = 1 MeV, the
simplified RIA results calculated using Eq. (4.23) converge to the the RIA results calculated
using Eq. (4.22) in the entire region of energy transfer T . Therefore, for high-energy
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millicharged dark matter particles, among the approximations of probability function X in
the integrand in Eq. (4.1), the more simplified approximation X ≈ Xsim is good enough,
and it does not lead to notable deviations compared with the more accurate approximation
X ≈ X(s(pz), t(pz), u(pz)).
In figure 5, we given the differential cross sections for low-energy millicharged dark
matter particles. The initial energy of millicharged dark matter particle is chosen as Eχ = 10
keV, while the dark matter particle millicharge is chosen to be δχ = 10−12 the same as in
figure 4. The upper and lower panels correspond to mχc2 = 1 keV and mχc2 = 10 eV,
respectively. In these cases, the incoming particle energy Eχ is not large enough to make
the atomic many-body effects negligible. Therefore, our RIA results does not converge
to the FEA results in the entire region of T , but our RIA results still come close to the
EPA results in the ultra-low-energy T → 0 limit. From this figure, we can also observe
that the EPA results acquire larger cross sections for smaller millicharged dark matter
particle massmχ. There is another notable point should be noted: large differences between
the simplified FEA results and the FEA results emerge in energy range T > 0.1 keV.
In the appendix A, it would be clarified that the simplified FEA results on differential
cross section calculated using Eq. (A.4) converge to the full FEA results calculated using
Eq. (A.3) only when mχ  me, T  mec2, T  Eχ are satisfied. For low-energy
millicharged dark matter particles, e.g. for incident particle energy Eχ = 10 keV in figure
5, the condition T  Eχ is not satisfied when T > 0.1 keV. Therefore, only FEA results
calculated through Eq. (A.3) are reasonable in such cases. Compare with the FEA results,
the simplified FEA results calculated through Eq. (A.4) overestimate the differential cross
sections of the atomic ionization process for Ge and Xe atoms. Furthermore, for small
incident particle energy Eχ = 10 keV, there are discrepancies between simplified RIA results
and RIA results when energy transfer T > 1 keV. For low-energy millicharged dark matter
particles, the more simplified approximation X ≈ Xsim of probability function X could
bring about some deviations, and it is better to use the more accurate approximation
X ≈ X(s(pz), t(pz), u(pz)) to evaluate the differential cross section dσ/dT .
Particularly, results in figure 4 and figure 5 could reflect some sort of generality. In
various approaches, i.e. FEA, EPA and RIA, the differential cross section dσ/dT for the
atomic ionization process induced by millicharged dark matter particles is proportional
to δ2χ. For the same incoming energy, results correspond to other millicharge δχ can be
obtained from figure 4 and figure 5 by proportional magnifying or shrinking the results by
δ2χ times.
5.2 Reaction Event Rate in HPGe and LXe Detectors
In this subsection, we shall give the numerical calculations of differential reaction event rate
for atomic ionization process induced by millicharged particles in typical super-terranean
or underground experiments.
In a typical experimental environment, such as CDEX experiment located in CJPL as
well as other super-terranean or underground experiments, the differential reaction event
rate in detectors for atomic ionization process induced by millicharged particles can be
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expressed as:
dR
dT
= ρA
∫ Emaxχ
Eminχ
dEχ
dσ
dT
dφχ
dEχ
(5.1)
where ρA is the number density of detector atoms, φχ is the total flux of millicharged dark
matter particles, and dφχ/dEχ is the flux spectrum at a given incoming energy Eχ. In
Eq. (5.1), Eminχ and Emaxχ are the maximal and minimal energy of the millicharged dark
matter particles that could enter into the detectors. From the Eq. (5.1), it can be clearly
manifested that the energy spectrum of the ionization process dσ/dT and the flux spectrum
of the millicharged particles dφχ/dEχ totally determine the differential reaction event rate
dR/dT in a typical experiment environment.
In this work, for simplicity, we assume that incoming millicharged dark matter particles
all come from the cosmic rays 6. Although the behaviour of dark matter particles in the
cosmic rays is still an open question, several recent studies suggested that the millicharged
dark matter particles could be accelerated analogous to Standard Model charged particles
in cosmic rays [9, 83] through the Fermi acceleration mechanism [108–110]. Therefore, as
a result, the flux spectrum of millicharged dark matter particle dφχ/dEχ obeys a simple
power low [9, 83]:
dφχ
dEχ
= 30δα−1χ
(
GeV
mχc2
)(
Eχ
GeV
)−α
cm−2s−1GeV−1sr−1 (5.2)
where α is the power index with a fixed value α = 2.7 [83], and sr represents the steradian.
A key point should be mentioned is that: Eq. (5.2) is satisfied under certain conditions,
demanding that the millicharged dark matter particle should be ultra relativistic [83]. In
this work, the minimal incoming energy of millicharged dark matter particle is chosen to
be Eminχ = 10 mχc2 in the numerical calculations, the same as in reference [9].
In typical experimental environments, the differential reaction event rates for atomic
ionization process induced by millicharged particles are given in the figure 6 for HPGe
and LXe detectors. The numerical results obtained from FEA, EPA, and RIA approaches
are displayed for comparisons. The FEA, EPA and RIA results on differential event rates
dR/dT are obtained by integrating the differential cross sections dσ/dT through Eq. (5.1).
The differential cross sections dσ/dT are calculated using FEA, EPA and RIA approaches
as in subsection 5.1. In this figure, the horizontal axis represents the energy transfer T , and
the vertical axis represents the differential event rate dR/dT in unit of cpkkd 7. The mass
of millicharged dark matter particle is set as mχc2 = 1 keV, and its millicharge is chosen to
be δχ = 8× 10−9 for HPGe detector and δχ = 4× 10−9 for LXe detector, respectively.
From figure 6, it is indicated that the reaction event rates in HPGe and LXe detectors
decrease rapidly as energy transfer T becomes higher. Therefore, the low-energy transfer
region is dominant in the atomic ionization process induced by millicharged dark matter
6There are other sources could give rise to millicharged dark matter particle flux, e.g., using theoretical
calculation and experimental measurements, reference [9] also consider the millicharged particles come from
nuclear reactors as well as earth atmosphere.
7The unit “cpkkd”, which is the abbreviation for “counts per kilogram per keV per day”, stands for the
number of reaction events in a real detector for 1 keV effective mass and 1 keV energy transfer interval.
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Figure 6. The differential reaction event rates for atomic ionization process induced by millicharged
particles. The mass of millicharged dark matter particle is set as mχc2 = 1 keV, and its millicharge
is chosen to be δχ = 8× 10−9 for HPGe detector and δχ = 4× 10−9 for LXe detector, respectively.
In this figure, the horizontal axis represents the energy transfer T , and the vertical axis represents
the differential event rate dR/dT in unit of cpkkd. The red solid lines correspond to the FEA
results; red dashed lines represent the simplified FEA results; blue lines stand for the EPA results;
black squares display the RIA results; gray triangles show the simplified RIA results.
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particles, and this region should be pay close attention to in the direct detection experiments
for millicharged dark matter particles. For this reason, figure 6 only presents the event
rates in T < 10 keV region, and the T > 10 keV region is omitted. Particularly, figure 6
shows that, for RIA results with millicharged dark matter particle mass mχc2 = 1 keV, the
differential event rate in HPGe detector at energy range T ∼ 0.1 keV is about dR/dT ∼ 0.1
cpkkd, and the differential event rate in LXe detector at energy range T ∼ 0.5 keV is
roughly dR/dT ∼ 10−4 cpkkd.
The same as figure 4 in subsection 5.1, results in figure 6 can also reveal the influences
come from atomic many-body effects that act on the atomic ionization process induced by
millicharged particles. In low-energy transfer region, the EPA and RIA approaches obtain
more reaction event rates in HPGe and LXe detectors, compared with those from FEA re-
sults. This exhibits a similar tendency with the differential cross sections presented in figure
4 in subsection 5.1. In the low-energy transfer region, the atomic binding, electron shielding
as well as electron correlation effects can greatly enhance the atomic ionization processes
induced by millicharged particles. This would bring desirable news to the next-generation
direct detection experiments for millicharged dark matter particles. Furthermore, in the
T → 0 limit, in which range the EPA approach is derived, our RIA results do not appear
large deviations from the EPA results, both for HPGe and LXe detectors. It can also be
provided as an indication for the validity of our RIA approach developed in this work in
the low-energy transfer region.
From figure 6, there is another notable point: the reaction event rates in HPGe and
LXe detectors obtained through FEA and simplified FEA results have large deviations
when energy transfer T > 0.2 keV. This is caused by the differential cross section in FEA
approach. The simplified FEA results on differential cross section calculated using Eq. (A.4)
converge to the FEA results calculated using Eq. (A.3) only when mχ  me, T  mec2,
T  Eχ are satisfied. However, for the millicharged dark matter particle coming from
cosmic rays, the flux spectrum represent a power low as in Eq. (5.2). When energy of
incident particle is lower, the flux spectrum becomes larger. In typical super-terranean or
underground experiments, there are large amount of low-energy millicharged dark matter
particles entering into the HPGe and LXe detectors, which would destroy the condition T 
Eχ and make the simplified FEA results inappropriate 8. When energy transfer T becomes
higher, the condition T  Eχ is harder to satisfy, and there are more differences between
the simplified FEA results and FEA results. This is similar to the cases of differential
cross sections discussed in subsection 5.1. Therefore, only FEA results calculated through
Eqs. (A.3) and (5.1) are reasonable in this region. In such cases, compare with the FEA
result, the simplified FEA results calculated through Eqs. (A.4) and (5.1) overestimate the
reaction event rates in HPGe and LXe detectors.
8The minimal energy of incident millicharged dark matter particle is chosen as Eminχ = 10 mχc2 in the
numerical calculations. In figure 6, the minimal energy corresponds to Eminχ = 10 mχc2 = 10 keV, and the
condition T  Eχ is not satisfied with great accuracy when T > 0.2 keV.
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5.3 Detecting Sensitivity on Dark Matter Particle Millicharge in Next-Generation
HPGe and LXe Based Experiments
According to the calculations of reaction event rates in HPGe and LXe detectors, we can
give an estimation of the detecting sensitivity for dark matter particle millicharge δχ in
next-generation HPGe and LXe based direct detection experiments. The estimation is
carried out according to the following assumptions:
• Consider the dark matter particle with millicharge δχ = δ0, if the calculated reaction
event rates in energy range above the experimental threshold surpass the experimental
background, then the signals from atomic ionization process induced by millicharged
particles can be catched and identified effectively. In this case, next-generation ex-
periments have the ability to detect dark matter particles with millicharge δχ = δ09.
• On the other hand, if the calculated reaction event rates in energy range above the
experimental threshold are less than the experimental background, then the atomic
ionization signals would not be effectively identified and next-generation experiments
could’t set a constrain on dark matter particles with millicharge δχ = δ0.
In the numerical calculations, for any dark matter particle mass mχ, we calculate the
differential event rates dR/dT in HPGe and LXe detectors using FEA, EPA and RIA
methods at a given dark matter particle millicharge δχ, then adjust the value of millicharge
δχ such that reaction event rates in HPGe and LXe detectors in energy region above the
experimental threshold surpass the experimental backgrounds. Finally, we can obtain the
lower limit of milliarge δχ satisfying the above conditions. This is the estimation of detecting
sensitivity on dark matter particle millicharge δχ in the next-generation HPGe and LXe
based direct detection experiments.
The estimation of detecting sensitivity on dark matter particle millicharge δχ in the
next-generation HPGe and LXe based experiments is shown in table 1 for several dark
matter particle mass mχ. The results from the FEA, EPA and RIA calculations are given
in this table for comparisons. For the HPGe based next-generation experiments, the energy
threshold and background level have been assumed as 100 eV and 0.1 cpkkd, respectively.
For the LXe based next-generation experiments, the energy threshold and background level
are assumed as 500 eV and 10−4 cpkkd, respectively. From this table, it can be clearly
shown that, for several dark matter particle mass, the detecting sensitivities of millicharge
δχ calculated from RIA and EPA approaches are much larger than those calculated from
the FEA approach. In subsection 5.1 and subsection 5.2, we have learned that the atomic
any-body effects can greatly enhance the atomic ionization process induced by millicharged
dark matter particles in the low-energy transfer region, leading to the increase of differen-
tial cross sections dσ/dT as well as differential reaction event rates dR/dT in this region.
9Only when reaction event rate overwhelm the experimental background in energy range above the ex-
perimental threshold, signals produced from the atomic ionization process induced by millicharged particles
could be catched and identified effectively. Otherwise, the energy transfer is too small to track the atomic
ionization signals in detectors, or these atomic ionization signals may be overwhelmed by background signals
and couldn’t be identified and analyzed effectively.
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Table 1. Estimation of detecting sensitivity on dark matter particle millicharge δχ in the next-
generation direct detection experiments. The results for HPGe and LXe based experiments in
the FEA, EPA and RIA calculations are given in this table. In the HPGe based next-generation
experiments, the energy threshold and background level have been assumed as 100 eV and 0.1
cpkkd, respectively. While in the LXe based next-generation experiments, the energy threshold
and background level are assumed as 500 eV and 10−4 cpkkd, respectively.
HPGe Based Experiments
mχc
2 detecting sensitivity on dark matter particle millicharge δχ
keV FEA Results EPA Results RIA Results
0.01 3.2× 10−9 3.5× 10−10 1× 10−9
0.1 6.0× 10−9 1.9× 10−9 2× 10−9
1 1.4× 10−8 1.0× 10−8 8× 10−9
10 7.0× 10−8 5.3× 10−8 4.5× 10−8
100 3.7× 10−7 2.8× 10−7 2.5× 10−7
LXe Based Experiments
mχc
2 detecting sensitivity on dark matter particle millicharge δχ
keV FEA Results EPA Results RIA Results
0.01 1.7× 10−9 2.5× 10−10 8× 10−10
0.1 3.1× 10−9 6.0× 10−10 1.5× 10−9
1 5.9× 10−9 3.2× 10−9 4× 10−9
10 2.5× 10−8 1.8× 10−8 2× 10−8
100 1.3× 10−7 9.3× 10−8 1× 10−7
Therefore, for the same experimental background, atomic many-body effects make it more
easy to let reaction event rates surpass the experimental background, which eventually leads
to a more strong constrain on dark matter particle millicharge δχ. This would be beneficial
for direct detection of millicharged dark matter particles in next-generation experiments.
These results shown that atomic many-body effects would play a significant role in the
electromagnetic interactions of millicharged particles, and it may open an new window for
the explorations of millicharge particles. Furthermore, with relatively lower experimental
background, the next-generation LXe based experiments could set a lower bound on dark
matter particle millicharge δχ, no matter which approach is employed in the numerical
calculations. For HPGe based experiments, the EPA results get smaller dark matter mil-
licharge δχ than RIA results in the low-mass cases (mχc2 ≤ 0.1 keV). While for LXe based
experiments, the EPA results get smaller millicharge δχ than RIA results in all cases (10 eV
< mχc
2 < 100 keV) because of the giant resonance for d electrons in the photoabsorption
cross section of Xe atom [102–107]. Detailed numerical results giving rise to the detecting
sensitivities in figure 1 are presented in the appendix D.
The estimations of detecting sensitivity on dark matter particle millicharge δχ in this
work can contribute to the parameter space of millicharged dark matter particles. In
the figure 1, we also present our estimations of detecting sensitivity on millicharge δχ in
– 26 –
RIA calculations for next-generation LXe based experiments. From figure 1, the indirect
searches from astronomy and cosmology set stronger constrains on dark matter particle mil-
licharge δχ. While the direct detection experiments and accelerator/collider experiments,
i.e. XENON10, TEX, OPOS, COLL, SLAC, LHC in figure 1, set looser bounds for mil-
licharge δχ. However, it is remarkable that the next-generation LXe based direct detection
experiments would greatly increase the detecting sensitivity on dark matter particle mil-
licharge δχ. In the range 10 eV < mχc2 < 100 keV, The current best experimental bound in
direct detection experiments and accelerator/collider experiments is roughly δχ ∼ 10−5 to
δχ ∼ 10−7, which is 2-3 order of magnitude larger than our estimation for next-generation
LXe based experiments.
There is one point need to be mentioned: the calculations of reaction event rates in
HPGe and LXe detectors as well as the calculations of detection sensitivities on dark mat-
ter particle millicharge δχ in next-generation HPGe and LXe based experiments are just
a leading order estimation. In our numerical calculations, we have made some simplified
assumptions. The electromagnetic interactions between millicharged dark matter particles
in cosmic rays and the charged particles in earth atmosphere, as well as the electromag-
netic interactions between millicharged dark matter particles and atoms and molecules in
environmental rocks, are not taken into considerations. These interactions may lead to an
upper bound in the parameter space of millicharge dark matter particles, as inidicated in
reference [9]. If the millicharge of dark matter particle is much too large, then the electro-
magnetic interactions between millicharged dark matters in cosmic rays and the charged
particles in earth atmosphere would be too strong, which lead to tremendous attenuation of
dark matter particle flux in the atmosphere. As a result, it will prevent millicharged dark
matter particles entering into HPGe and LXe detectors in super-terranean or underground
experiments.
6 Numerical Results and Discussions on Millicharged Neutrinos
In section 1, it is revealed that neutrino physics is becoming a rising field in many branches
of science. Recently, many studies suggested that neutrinos may have tiny electromagnetic
interactions [66, 67, 111], and they may have millicharge as well as magnetic moment.
Theoretical and experimental explorations on neutrino millicharge and magnetic moment
is becoming more and more attractive, and a number of researches on this area emerge in
recent years [18, 112, 113].
As discussed in section 4, the RIA approach we developed in this work is irrelevant to
the underling nature and mechanism of millicharged particles. In principle, our approach
can also be applied to the study of millicharged neutrinos. In this section, we use our RIA
approach to study atomic ionization process induced by millicharged neutrinos. The nu-
merical results on differential cross section dσ/dT , differential reaction event rate dR/dT ,
and detecting sensitivity on neutrino millicharge δν in next-generation direct detection ex-
periments are presented similar to the cases of millicharged dark matter particles discussed
in section 5.
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Figure 7. Flux spectrum of solar neutrinos. This figure gives the flux spectra in earth surface
for electron neutrino νe associated with different channels. The horizontal axis gives the energy of
neutrino in unit of MeV. The 7Be neutrinos and pep neutrinos have discrete spectra, the unit in
vertical axis is cm−2s−1. The pp, hep, 8B, 13N, 15O, 17F channels give rise to continuous spectra,
and the unit in vertical axis is cm−2s−1MeV −1. In this figure, the solar neutrino flux spectrum is
plotted based on the results in references [116, 118].
There are several kinds of sources which may contribute to millicharged neutrinos:
reactor neutrinos, cosmological neutrinos, solar neutrinos, atmospheric neutrinos, supernova
neutrinos, cosmogenic neutrinos, and active galactic nucleus (AGN) produced neutrinos
[109, 114, 116]. The reactor neutrinos become dominant only when laboratory is near the
nuclear reactors, and supernova neutrinos become notable when supernova is activated, i.e.
supernova 1987A burst. For other sources, the cosmological neutrinos mainly appear in
ultra-low energy range (below 1 eV), while atmospheric neutrinos, cosmogenic neutrinos
and AGN produced neutrinos all centered in ultra-high energy range (above GeV). More
details of neutrino sources and their flux can be found in reference [114, 115]. Therefore,
in energy range 100 eV ≤ Eν ≤ GeV, which is sensitive to HPGe and LXe detectors and is
of great interests in direct detection experiments, solar neutrino have the maximal flux and
can be viewed as the main source of millicharged neutrinos. In this work, for simplicity, we
only consider solar neutrinos as the source of millicharged neutrinos. Contributions from
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other sources are leaving for future studies.
There are several channels which can produce solar neutrinos [116, 117]:
pp channel: p+ p→ d+ e+ + νe
pep channel: p+ e− + p→ d+ νe
hep channel: 3He+ p→4 He+ e+ + νe
7Be channel: 7Be+ e− →7 Li+ νe
8B channel: 8B + e− →8 Be+ νe
13N channel: 13N →13 C + e+ + νe
15O channel: 15O →15 N + e+ + νe
17F channel: 17F →17 O + e+ + νe
Among these channels, the 7Be neutrinos and pep neutrinos have discrete spectra, and other
channels give rise to continuous spectra. The flux spectra for various channels are displayed
in figure 7. Furthermore, it should be mentioned that the pp neutrinos and 7Be neutrinos
give predominant contributions to solar neutrino flux, and this two channels contribute to
98% of solar neutrinos [21, 109, 116].
6.1 Differential Cross Section
In this subsection, we take 7Be solar neutrinos as an example to study the differential
cross section with respect to energy transfer in the atomic ionization process induced by
millicharged neutrinos. The differential cross section dσ/dT of atomic ionization process for
Ge and Xe atoms is presented in figure 8. The 7Be solar neutrinos have discrete spectrum,
and the incoming neutrino energy is located in Eν = 384 keV and Eν = 862 keV with branch
ratios 89.5% and 10.5% [109]. Meanwhile, in this figure, the neutrino mass and millicharge
are chosen to be mνc2 = 0.1 eV and δν = 10−12, respectively. The numerical results
obtained from FEA, EPA and RIA approaches are shown in this figure for comparisons.
Form figure 8, it can be clearly shown that the results for millicharged neutrinos are
very similar to the results for millicharged dark matter particles given in subsection 5.1.
The differential cross section of atomic ionization process induced by millicharged neutri-
nos diminish as energy transfer T increases, and FEA, EPA, RIA results show the same
tendency. When the energy transfer T is smaller than the atomic binding energy for 1s
electron (which is 11.1 keV for Ge atom and 34.5 keV for Xe atom), the differential cross
sections calculated using RIA and EPA methods are larger than those in FEA results, indi-
cating that the atomic many-body effects tend to intensify the electromagnetic interaction
for millicharged neutrinos in low-energy transfer region. In the ultra-low-energy transfer
region, namely the T → 0 limit, our RIA results are near the EPA results, which shows the
validity of our methods in this region. When the energy transfer T is sufficiently large, the
EPA approach breaks down and it underestimate the differential cross sections, while the
RIA results converge to the FEA results because the atomic many-body effects are negligi-
ble in high-energy transfer region. Furthermore, from figure 8, it is also indicated that the
simplified RIA results converge to the RIA results in the entire region of energy transfer
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Figure 8. Differential cross sections of atomic ionization process for Ge and Xe atoms induced by
millicharged neutrinos. In this figure, the mass and millicharge of neutrino are chosen asmνc2 = 0.1
eV and δν = 10−12, respectively. The energies of 7Be solar neutrinos are Eν = 384 KeV and
Eν = 862 KeV. The same as in figure 4 and figure 5, the numerical results from FEA, EPA and RIA
approaches are given for comparisons. The red solid lines correspond to the FEA results calculated
through Eq. (A.3); red dashed lines represent the simplified FEA results calculated through Eq.
(A.4); blue lines stand for the EPA results calculated from Eq. (B.7); black solid lines show the
RIA results calculated using Eq. (4.22); and black dashed lines present the simplified RIA results
calculated using Eq. (4.23).
T . Therefore, for 7Be solar neutrinos with energies Eν = 384 keV and Eν = 862 keV,
among the approximations of function X in the integrand of Eq. (4.1), the more simplified
approximation X ≈ Xsim is adequate and does not lead to large deviations compared with
the more accurate approximation X ≈ X(s(pz), t(pz), u(pz)). This is similar to the cases of
high-energy millicharged dark matter particles presented in figure 4.
Similarly, the results in figure 8 can also reflect some sort of generality. In various
approaches, i.e. FEA, EPA and RIA, the differential cross section dσ/dT of the atomic
ionization process induced by millicharged neutrinos is proportional to δ2ν . For the same
incoming energy Eν , results correspond to other neutrino millicharge δν can be obtained
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by proportional magnifying or shrinking the results in figure 8 by δ2ν times.
From the numerical calculations in subsection 5.1 and subsection 6.1, we can draw
a conclusion that the atomic ionization processes, whether induced by millicharged dark
matter particles or millicharged neutrinos, exhibit similar tendency. The differential cross
section dσ/dT of atomic ionization process induced by millicarged particles drops rapidly as
energy transfer becomes higher. In the low-energy transfer region, atomic binding, electron
shielding and electron correlation effects could greatly enhance the atomic ionization process
induced by millicharged particles. Our RIA approach developed in this work is appropriate
in the entire region of energy transfer. For high energy millicharged particles, our RIA
results on differential cross section show small discrepancies with EPA results in the ultra-
low energy region, and our RIA results successfully converge to the FEA results in the
high-energy transfer region, where the atomic effects are weak and atomic electron can be
treated as free electron approximately 10.
6.2 Reaction Event Rate in HPGe and LXe Detectors and Detecting Sensi-
tivity on Neutrino Millicharge in Next-Generation HPGe and LXe Based
Experiments
Similar to the calculations in subsection 5.2 for millicharged dark matter particles, in a
typical experiment environment, the differential reaction event rate in HPGe and LXe
detectors for atomic ionization process induced by millicharged neutrinos can be expressed
similar to Eq. (5.1):
dR
dT
= ρA
∫ Emaxν
Eminν
dEν
dσ
dT
dφν
dEν
(6.1)
where dφν/dEν is the neutrino flux spectrum. As we have discussed in the beginning of
this section, in the energy range relevant to direct detection experiments, which is from keV
to GeV, solar neutrino is the main source for millicharged neutrinos. Since the pp channel
and 7Be channel contribute to 98% of solar neutrinos, we can omit contributions from other
channels. Therefore, the solar neutrino flux spectrum can be simplified as:
dφν
dEν
≈ dφ
pp
ν
dEν
+
dφBeν
dEν
(6.2)
For 7Be reaction neutrino, the flux spectrum dφBeν /dEν is discrete with energy located at 384
keV and 862 keV. For pp reaction neutrino, the flex spectrum dφppν /dEν is continuous. The
flux spectra dφppν /dEν and dφBeν /dEν and can be obtained either by fitting the corresponding
curves in figure 7, or from the solar neutrino databases [119–122].
Figure 9 shows the differential reaction event rates dR/dT for atomic ionization process
induced by millicharged neutrinos for HPGe and LXe detectors in typical super-terranean or
underground experimental environments. The neutrino mass is chosen to bemνc2 = 0.1 eV,
and the neutrino millicharge is set as δν = 10−12 for HPGe detectors and δν = 2.5× 10−13
10However, for low-energy millicharged dark matter particles, the FEA results and RIA results do not
converge to each other as presented in figure 5. For solar neutrinos, the high-energy neutrinos give a major
contribution in the flux spectrum, as shown in figure 7, thus we do not give a discussion on the cases of
low-energy millicharged neutrinos in this subsection.
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Figure 9. The differential reaction event rates for atomic ionization process induced by millicharged
neutrinos for HPGe and LXe detectors. The neutrino mass is chosen to be mνc2 = 0.1 eV, and
the neutrino millicharge is set as δν = 10−12 for HPGe detectors and δν = 2.5 × 10−13 for LXe
detectors. In this figure, the horizontal axis represents the energy transfer T , and the vertical axis
represents the differential event rate dR/dT in unit of cpkkd. The same as in figure 6, the red solid
lines correspond to the FEA result; red dashed lines represent the simplified FEA results; blue lines
stand for the EPA results; black squares display the RIA results; gray triangles show the simplified
RIA results.
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for LXe detectors 11. The numerical results from FEA, EPA and RIA approaches are
given in this figure for comparison. Similar to the cases for millicharged dark matter
particles, figure 9 also indicates that the differential event rates for atomic ionization process
induced by millicharged neutrinos reduce significantly as energy transfer T increases, both in
HPGe and LXe detectors. Therefore, to search the millicharged neutrino in direct detection
experiments, we should focus on the low-energy transfer region. Furthermore, figure 9
shows that, in the low-energy transfer region, the differential event rates dR/dT calculated
using RIA and EPA approaches are larger than those from FEA results, indicating the
atomic many-body effects could greatly enhance the atomic ionization process induced
by millicharged neutrino in the low-energy transfer region. This totally agree with the
conclusions for millicharged dark matter particles discussed in subsection 5.2. For our RIA
results, they converge to the FEA results as energy transfer T increases. Meanwhile, our
RIA results slowly approach to the EPA results when energy transfer T becomes very small,
but the convergence between RIA results and EPA results in the ultra-low-energy region
(in T → 0 limit) is not as good as those of millicharged dark matter particles presented in
the figure 6 in subsection 5.2, as well as in figures 10-14 in appendix D.
Similarly, according to the calculated reaction event rates in HPGe and LXe detec-
tors, we can give an estimation of the detecting sensitivity on neutrino millicharge δν in
next-generation HPGe and LXe based experiments. In the next-generation direct detection
experiments, we assume that the energy threshold and background level for HPGe based
experiments would be 100 eV and 0.1 cpkkd. Meanwhile, the energy threshold and back-
ground level for LXe based experiments would reach 500 eV and 10−4 cpkkd. From figure
9, it is clearly manifested that, for neutrino mass mνc2 = 0.1 eV, the reaction event rates
in HPGe and LXe detectors in energy range above the experimental thresholds successfully
suppress the experimental background levels. Therefore, the next-generation direct detec-
tion experiments have the ability to push the detecting sensitivity of neutrino millicharge to
δν ∼ 10−12 for HPGe based experiments and δν ∼ 2.5× 10−13 for LXe based experiments.
There is one important point should be noted. Since the flux spectrum of solar neu-
trino is irrelevant to the neutrino mass mν , both the reaction event rates in HPGe and
LXe detectors and the estimated detecting sensitivities on neutrino millicharge δν in next-
generation experiments do not have an obvious dependency on neutrino mass mν 12. This
is different with the cases of millicharged dark matter particles. Firstly, the dark matter
particle flux spectrum in Eq. (5.2) is manifestly mass and energy dependent. Secondly, if
the mass of millicharge dark matter particle is smaller, then the minimal energy Eminχ of
imcoming dark matter particles, which has been set as Eminχ = 10mχc2 to ensure the ul-
trarelativistic property of millicharge dark matter particles, becomes lower and give rise to
large numbers of low-energy millicharged dark matter particles according to the power law
in the flux spectrum in Eq. (5.2). These points make the reaction event rates in HPGe and
11The neutrino millicharge δν is adjusted such that the reaction event rates in HPGe and LXe detectors
are comparable to the experimental background levels in next-generation HPGe and LXe based experiments.
12Furthermore, the differential cross section of atomic ionization process induced by millicharged neutrinos
does not show obvious differences when neutrino mass mν varies. The mass of neutrino is much too small
compared with its energy Eν in solar neutrino spectrum, and it is approximately massless in these cases.
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Table 2. Detecting sensitivity on neutrino millicharge δν in the next-generation direct detection
experiments. The results for HPGe and LXe based experiments in the FEA, EPA and RIA calcula-
tions are given in this table. In the HPGe based next-generation experiments, the energy threshold
and background level would be 100 eV and 0.1 cpkkd, respectively. The energy threshold and back-
ground level for LXe based next-generation experiments could reach 500 eV and 10−4 cpkkd. The
current experimental bounds on neutrino millicharge δν obtained from direct detection experiments
are also given for comparisons. In this table, for the XENON1T, PandaX, projected DARWIN
and projected LX experimental bounds, we present the results in reference [21] analyzed using the
experimental data.
HPGe Detector
Group detecting sensitivity on neutrino millicharge δν
Our Results 2.5× 10−12 (FEA Results)
7× 10−13 (EPA Results)
1× 10−12 (RIA Results)
TEXONO [18] 2.1× 10−12
GEMMA [123] 1.5× 10−12 / 2.7× 10−12 (based on different methods)
LXe Detector
Group detecting sensitivity on neutrino millicharge δν
Our Results 4× 10−13 (FEA Results)
9× 10−14 (EPA Results)
2.5× 10−13 (RIA Results)
XENON1T [46] 6.4× 10−13
PandaX [124] 2.06× 10−12
Projected DARWIN [125] 2.4× 10−13
Projected LZ [126] 2.8× 10−13
LXe detectors and the estimated detecting sensitivity on dark matter particle millicharge
δχ in next-generation HPGe and LXe based experiments highly depend on dark matter
particle mass mχ.
Based on the numerical calculations presented in this subsection, in table 2, we give
the comparison between our estimated detecting sensitivities in next-generation experi-
ments and current experimental bounds on neutrino millicharge δν in the direct detection
experiments. From this table, the estimated detecting sensitivity on neutrino millicharge
δν in next-generation experiments is roughly 2-3 times smaller than the current best exper-
iment bound 13. Therefore, the next-generation HPGe and LXe based experiments have
the potential to make a great progress on the detecting ability of millicharged neutrinos.
13Very recently, an excess of electron recoil events was reported in the XENON1T experiment [127]. Amir
N. Khan interpreted these signals to be nonstandard neutrino interactions, and a constrain was given on
neutrino millicharge δν based on the electron recoil excess in XENON1T experiment [128]. Khan’s results
indicated that neutrino millicharge would be δν = (1.7−2.3)×10−12. However, other studies also suggested
that the electron recoil excess maybe caused by some experimental backgrounds, which were ignored in the
experimental analysis [129, 130]. Therefore, more experimental data are needed to confirm this excess.
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Similar to the cases of millicharged dark mater particles presented in subsection 5.3,
the numerical calculations of reaction event rates in HPGe and LXe detectors as well as the
calculations of detection sensitivities on neutrino millicharge δν in next-generation HPGe
and LXe based experiments are just a leading order estimation. In our calculations, the
interactions between millicharged neutrinos and charged particles in earth atmosphere as
well as the interactions between millicharged neutrinos and atoms and molecules in envi-
ronmental rocks are not taken into considerations. These interactions may lead to an upper
bound in the parameter space of millicharged neutrinos, as discussed in subsection 5.3.
7 Summary and Conclusion
In this work, we develop the RIA approach, which was previously used in the electromag-
netic interactions in atomic and molecular physics, in the atomic ionization process induced
by millicharged particles. In the study of millicharged particles, our RIA approach could
handle with atomic many-body effects effectively. In the present work, the formulation
of RIA is derived for atomic ionization process induced by millicharged particles, and a
numerical program is developed based on our RIA approach. The numerical results ob-
tained using our RIA approach are compared with those from FEA and EPA approaches.
Concretely, we study the atomic ionization process induced by millicharged dark matter
particles as well as millicharged neutrinos in HPGe and LXe detectors. The differential
cross section with respect to energy transfer, the differential reaction event rate in HPGe
and LXe detectors, and the estimated detecting sensitivity for next-generation HPGe and
LXe based experiments are presented in this work.
For the differential cross section dσ/dT , when energy transfer is smaller than the bind-
ing energies EB1s for 1s electron (which is 11.1 keV for Ge atom and 34.5 keV for Xe atom),
our RIA results present large discrepancies with respect to the FEA results. In this region,
the atomic many-body effects play a significant role in the atomic ionization process induced
by millicharged particles, which lead to the breaking down of FEA approach. On the other
hand, in high-energy transfer region, where electrons can be treated as free electrons approx-
imately, there are no notable differences between our RIA results and FEA results. In the
ultra-low-energy transfer region where EPA approach is derived (namely in T → 0 limit),
our RIA results does not exhibit large differences with respect to EPA results. The above
conclusions show that our RIA approach developed in this work is valid and could treat the
atomic many-body effects efficiently in the entire region of energy transfer T . Another im-
portant point is that both RIA and EPA results give larger cross sections than FEA results
in the low-energy transfer region, indicating that atomic many-body effects could greatly
enhance the atomic ionization process induced by millicharged particles. Furthermore, for
the reaction event rates dR/dT in HPGe and LXe detectors, numerical calculations present
the similar phenomenon and tendency with those obtained from differential cross sections.
According to the calculated reaction event rates in HPGe and LXe detectors, we give
an estimation of the detecting sensitivity on dark matter particle and neutrino millicharge
δχ and δν in next-generation HPGe and LXe based experiments. The energy threshold and
background level for next-generation HPGe based experiments are postulated as 100 eV and
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0.1 cpkkd, and the energy threshold and background level for next-generation LXe based
experiments are postulated as 500 eV and 10−4 cpkkd, respectively. Our numerical results
show that, with relatively lower backgrounds, the next-generation LXe based experiments
probably could give a better constrain on neutrino and dark matter particle millicharge.
For millicharged dark matter particles, the next-generation LXe based experiments would
give a tremendous improvement on dark matter particle millicharge δχ in mass range 0.01 ≤
mχc
2 ≤ 100 keV for direct detection experiments, with estimated detecting sensitivity 2-3
orders of magnitude smaller than the current best experimental bound in direct detection
experiments. For millicharged neutrino, the estimated detection sensitivity of neutrino
millicharge δν for next-generation LXe based experiments would reach δν ∼ 2.5 × 10−13,
which is improved by roughly 2-3 times than the current best experimental bound.
In particular, our RIA approach developed in the present work is quite general, neither
depends on the underling nature and mechanisms for millicharged particles, nor on the
atomic and molecular composition of detector materials. In this work, we choose HPGe
and LXe detectors to given a comprehensive study on the atomic ionization process in-
duced by millicharged particles. Other detector materials, such as liquid argon (LAr),
sodium iodide (NaI) and cesium iodide (CsI), still deserve to study in the following works.
Furthermore, the physical ideas and formulation for RIA approach can also be applied to
other electromagnetic interactions for millicharged particles, e.g. the atomic Compton scat-
tering between millicharged particles and dark photons, the magnetic moment interactions
for millicharged neutrinos, as well as other processes relevant to the millicharged particles
and detector atoms or molecules. We wish our work could enlarge the understanding of
millicharged particles and push forward studies in the related fields.
A Free Electron Approximation
In this Appendix, we give a brief description of the free electron approximation (FEA) in the
atomic ionization process induced by millicharged particles. In the FEA formulation, atomic
electrons are treated as free electrons, and atomic bindings, electron shielding, electron
correlation as well as other many-body effects are neglected.
In the atomic ionization process induced by millicharged particles χ+A→ χ+A++e−,
assuming the electric charge of millicharged particle is qχ = δχe, the differential cross section
for this process in the FEA formulation can be expressed as [9]:
(
dσ
dT
)
FEA
=
pir20δ
2
χ
T 2(E2χ −m2χc4)
[
mec
2
(
E2χ + (Eχ − T )2
)− T (m2ec4 +m2χc4)] (A.1)
where me and mχ are the mass of electron and millicharged particle, Eχ is the incoming
energy of millicharged particle, and T = Eχ − E′χ is the energy transfer in the atomic
ionization process. When the millicharged particle mass mχ and energy transfer T are both
sufficiently small, namely the conditions mχ  me, T  mec2, T  Eχ are satisfied, the
above differential cross section in Eq. (A.1) for ultra-relativistic millicharged particles (with
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mχc
2  Eχ) can be simplified as [18]:(
dσ
dT
)
FEA
= 2pir20δ
2
χ
mec
2
T 2
(A.2)
The above results in Eqs. (A.1) and (A.2) only correspond to the single-electron system.
To calculate the differential cross section for multi-electron atomic systems, contributions
from all subshell electrons should be summed over to give the following results(
dσ
dT
)
FEA
=
∑
njl
Znjl
(
dσnjl
dT
)
FEA
=
∑
njl
ZnjlΘ(T − EBnjl)
pir20δ
2
χ
T 2(E2χ −m2χc4)
×
[
mec
2
(
E2χ + (Eχ − T )2
)− T (m2ec4 +m2χc4)] (A.3)
with EBnjl and Znjl to be the atomic binding energy and number of electron in (njl) subshell.
Similarly, when mχ  me, T  mec2, T  Eχ are satisfied, the differential cross section
can be simplified as:(
dσ
dT
)
FEA
=
∑
njl
ZnjlΘ(T − EBnjl)× 2pir20δ2χ
mec
2
T 2
(A.4)
The FEA formulation works well when the energy transfer T is much larger than the
atomic binding energy, in which cases the atomic many-body effects can be neglected and
electrons are approximately free. Previous studied have confirmed that when energy transfer
T is comparable to the atomic binding energy, FEA results underestimate the differential
cross section in the atomic ionization process induced by millicharged particles [9, 19, 112],
which implies atomic effects could intensify the atomic ionization process χ + A → χ +
A+ + e−. This conclusion is consistent with our numerical results presented in section 5
and section 6.
B Equivalent Photon Approximation
Equivalent Photon Approximation (EPA) is an approaches widely used in nuclear and
elementary particle physics, especially in Quantum Electrodynamics (QED) and Quantum
Chromodynamics (QCD) calculations [131, 132].
In the EPA formulation, considering the process e− + X → e− + Y . The electron
scatters with particle X by exchanging virtual photons. In the low-momentum transfer
limit q → 0, the contribution from the longitudinal polarized virtual photons vanishes, and
the contribution coming from virtual photons can be equivalent to those from real photons.
Therefore, the cross section of the whole process e− +X → e− + Y can be calculated from
the cross section of its subprocess γ +X → Y [101, 131]:
σ(e− +X → e− + Y ) = σ(γ +X → Y )×
∫ 1
0
dz
αem
2pi
log
(
s
m2ec
4
)[
1 + (1− z)2
z
]
= σ(γ +X → Y )×
∫ 1
0
fγ(z)dz (B.1)
– 37 –
where αem is the conventional fine-structure constant, s = (p
µ
e + p
µ
X)
2 is the total energy
square in the center-of-mass frame, z = q/pe is the ratio between and virtual photon
momentum q (the momentum transfer in the whole process e−+X → e−+Y ) and electron
momentum pe, and σ(γ + X → Y ) is the cross section for subprocess γ + X → Y . In the
Eq. (B.1), fγ(z) is the Weizsacker-Williams distribution function defined as:
fγ(z) =
αem
2pi
log
(
s
m2ec
4
)[
1 + (1− z)2
z
]
(B.2)
It can be viewed as the probability of finding a photon with momentum q = pz from the
incident electron beam [131].
Similarly, in the atomic ionization process induced by millicharged particles χ + A →
χ + A+ + e−, the EPA approach connects its cross section with the cross section of pho-
toionization process γ + A → A+ + e−. In analogy with Eq. (B.1), the cross section of
atomic ionization process χ+A→ χ+A+ + e− can be expressed as:
σ(χ+A→ χ+A+ + e−) = σ(γ +A+ → A+ + e−)×
∫ 1
0
dz
αχ
2pi
log
(
s
m2χc
4
)[
1 + (1− z)2
z
]
(B.3)
Here, αχ is the “fine structure constant” in the electromagnetic interactions induced by
millicharged particles. It is defined as:
αχ =
q2χ
4pi0~c
= δ2χαem (B.4)
where qχ = δχe is the electric charge of the millicharged particle.
To extract differential cross section in the EPA formulation, we consider the case that
both energy transfer T and momentum transfer q is sufficiently small, namely in the limit
q2 = 2meT → 0, z = q
pχ
→ 0 (B.5)
In this case, the total cross section for photoionization process can be simplified as [9, 19,
112]:
σ(γ +A+ → A+ + e−) ≈ σγabs(T ) ≈
2pi2αem
T
R0T (q
2 = 0) (B.6)
with σγabs(T ) to be the total cross section for photoabsorption process at incident photon
energy T , and R0T (q
2 = 0) to be the atomic transverse response function for on-shell real
photons in zero-momentum transfer cases. In this work, we only duel with the case that the
mass of millicharged particle mχ is tiny and much smaller than the mass of detector atom
mA. In this case, laboratory frame can be viewed as the center-of-mass frame approximately,
and the total energy square in the center-of-mass frame can be simplified as s = (pµe+pµX)
2 ≈
E2χ
14.
14It has been assumed that, before the scattering, the atom A in detector materials is at rest in the
laboratory frame.
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In Eq. (B.3), a divergent part arise in the z → 0 limit. This divergent part can be
cancelled by the higher order corrections with the help of renormalization. Finally, after
tidies calculations, the differential cross section of the atomic ionization process induced by
millicharged particles in the EPA approach can be expressed as [19]:(
dσ
dT
)
EPA
= δ2χ
2αem
pi
σγabs(T )
T
log
(
Eχ
mχc2
)
(B.7)
From the discussions above, it can be clearly shown that the derivation of Eq. (B.7)
requires that the energy transfer T and the momentum transfer q to be sufficiently small (in
the q → 0 and T → 0 limits). Therefore, the EPA formulation only works well in the ultra-
low-energy transfer region (T → 0). When energy transfer T is large, EPA results would
bring about large discrepancies, and this point has been confirmed by recent researches
[19]. This conclusion is also consistent with our numerical results presented in section 5
and section 6.
C Dirac-Fock Theory
In this appendix, we give an introduction of the relativistic Dirac-Fock theory. We will focus
on the construction of Dirac-Fock Hamiltonian for atomic systems, and how to calculate
ground state wavefunctions, electron momentum distributions and atomic Compton profiles
using the Dirac-Fock theory.
The Dirac-Fock theory [68–70, 133], which is a relativistic extension of the nonrelativis-
tic Hartree-Fock self-consistent method, is commonly used in ab initio calculations in atomic
and molecular physics. In the last few decades, it has been confirmed by a number of exper-
iments and has become a milestone in atomic and molecular physics [71, 72, 134, 135]. In
this work, the Dirac-Fock theory is used to obtain the ground state wavefunctions, electron
momentum distributions and Compton profiles for atomic systems.
In the Dirac-Fock theory, the total Hamiltonian for atomic systems is given by [70, 71,
135]:
HDirac-Fockatom =
Z∑
a=1
h(a) +
Z∑
a=1
∑
a<b
h(ab) (C.1)
Here, h(a) is the single-particle Hamiltonian for the a-th election, which includes the kinetic
energy for a-th electron and the Coulomb potential between the atomic nuclei and this
electron. The h(ab) is the two-particle Hamiltonian, which is the interaction between the
a-th and b-th electrons. In the relativistic case, the single-particle Hamiltonian is given by:
hrelativistic(a) = α(a) · p(a)c+ βmec2 + Vnucl(r)
= −ic~α(a) · ∇(a) + βmec2 −
1
4pi0
Ze2
r(a)
(C.2)
where α(a) is the conventional Dirac–α matrices for a-th electron, β is the Dirac–β matrix,
the symbol ∇(a) represent the gradient operator for a-th electron, and r(a) is the radius
between atomic nuclei and the a-th electron. In this work, we only consider the leading
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order Coulomb interactions between electrons. Therefore, the two-particle Hamiltonian can
be simply expressed as 15:
h(ab) =
1
4pi0
e2
r(ab)
=
1
4pi0
e2
|r(a) − r(b)|
(C.3)
where r(ab) is the distance between the a-th and b-th electron.
With the the the single-particle Hamiltonian h(a) and two-particle Hamiltonian h(ab)
given in Eqs. (C.2) and (C.3), the total Hamiltonian for atomic systems in the Dirac-Fock
theory can be expressed as [70, 71, 135]:
HDirac-Fockatom =
Z∑
a=1
h(a) +
Z∑
a=1
∑
a<b
h(ab)
=
Z∑
a=1
[
− ic~α(a) · ∇(a) + βmec2 −
1
4pi0
Ze2
r(a)
]
+
Z∑
a=1
∑
a<b
1
4pi0
e2
|r(a) − r(b)|
(C.4)
In the following part, we give a description on how to calculate the ground state ener-
gies and wavefunctions for atomic systems in the Dirac-Fock theory. To satisfy the Pauli
exclusion principle, in Dirac-Fock theory, the total ground state wavefunctions for atomic
systems can be constructed through the Slater determinant of single-electron wavefunctions
Ψ(r(1), r(2), · · · , r(Z)) =
1√
Z!
∣∣∣∣∣∣∣∣∣∣
u(1)(r(1)) u(1)(r(2)) · · · u(1)(r(N))
u(2)(r(1)) u(2)(r(2)) · · · u(2)(r(N))
...
...
. . .
...
u(N)(r(1)) u(N)(r(2)) · · · u(N)(r(N))
∣∣∣∣∣∣∣∣∣∣
(C.5)
In the expression, u(a)(r(a)) is the single-electron wavefunction for a-th electron, and r(a) is
the position of a-th electron (with the center of atomic nucleus set as the coordinate origin).
In this work, we only consider the spherical symmetric atomic systems. Therefore,
the single-electron wavefunction for atomic ground state with definite quantum number
(nκm) = (njlm), which is also called as the Dirac orbital, has the following form [70, 71,
138]:
unκm(r) = unκm(r, θ, φ) =
1
r
[
Gnκ(r)Ωκm(θ, φ)
iFnκ(r)Ω−κm(θ, φ)
]
(C.6)
where Gnκ(r) and Fnκ(r) are the large and small components respectively, Ωκm(θ, φ) is
normalized spherical spinor defined as:
Ωκm(θ, φ) =
∑
sz=µ
〈lm− µ; 1
2
µ|jm〉Ylm(θ, φ)χµ (C.7)
15More generally, in relativistic cases, the interactions between two electrons contain the Coulomb in-
teraction, which is expressed in Eq. (C.3), and the Breit interaction [134, 136, 137]. For simplicity, the
Dirac-Fock Hamiltonian written here here does not include the Breit interaction.
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where Ylm(θ, φ) is the spherical harmonics, 〈lm − µ; 12µ|jm〉 is the Clebsch-Gordan coeffi-
cient, and χµ is a spinor with s = 1/2 and sz = µ.
In many cases, only the radial part of Dirac orbital need to be focused, and the angular
part can be separated and neglected for simplicity. Therefore, we can introduce the following
two-component radial Dirac orbital:
unκ(r) ≡ unjl(r) =
[
Gnjl(r)
Fnjl(r)
]
(C.8)
After the introduction of Dirac orbital as well as its large and small components Fnκ = Fnjl,
Gnκ = Gnjl, the Dirac-Fock equations for atomic systems can be expressed and solved
routinely. The total energies and ground state wavefunctions for atomic systems as well
as the energy eigenvalues and single-electron wavefunctions for individual electrons can be
obtained.
In the Dirac-Fock theory, the total energy for atomic system is calculated by solving
the eigen-equation
HDirac-Fockatom Ψ(r(1), r(2), · · · , r(Z)) = EDirac-Fockatom Ψ(r(1), r(2), · · · , r(Z)) (C.9)
Put the Dirac-Fock Hamiltonian in Eq. (C.4), atomic total wavefunction in Eq. (C.5) and
single-electron wavefunction in Eq. (C.6) into Eq. (C.9). After separation of variables for
the angular part θ and φ, the total energy for atomic system can be expressed as [68, 69]:
EDirac-Fockatom =
∑
p
[
ZpI(pp) +
∑
q≥p
k0∑
k=0,2,···
fk(pq)Rk(ppqq) +
∑
q>p
k2∑
k=k1,k1+2,···
gk(pq)Rk(pqpq)
]
(C.10)
where p is the abbreviation for subshell (npκp) = (npjplp), Zp = 2jp + 1 is the number of
electrons in subshell p = (npκp) = (npjplp). The fk(pq) and gk(pq) are angular coefficients,
which are calculated through Wigner–3j coefficients, and k0, k1, k2 are defined in reference
[71]. In the Eq. (C.10), integral I(pq) gives rise to the one-body interaction, and Slater
integral Rk(pqrs) represents the two-body interaction. The explicit expressions for I(pq)
and Rk(pqrs) can be found in reference [71].
The total energy value for atomic system EDirac-Fockatom relies on the large and small
components of single-electron wavefunctions through the integrals I(p) and Rk(pqrs). The
ground state wavefunctions for atomic system in Eq. (C.5) as well as the ground state wave-
function for individual electron in Eq. (C.6) should minimize the total energy EDirac-Fockatom
in Eq. (C.10). After the variational method, the differential equations for large and small
components of single-electron wavefunctions become [68–70]:
dGnκ
dr
+
κ
r
Gnκ(r) +
[
2mec
~
− εnκ
c~
+
Ynκ(r)
rc
]
Fnκ(r) =
X
(G)
nκ (r)
r
(C.11a)
dFnκ
dr
− κ
r
Fnκ(r) +
[
εnκ
c~
− Ynκ(r)
rc
]
Gnκ(r) =
X
(F )
nκ (r)
r
(C.11b)
where εnκ is the energy eigenvalue for subshell (nκ) = (njl). The Ynκ(r) is the direct
potential acts on large and small components of Dirac orbital for (nκ) subshell, while
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X
(G)
nκ (r) and X
(F )
nκ (r) are the exchange potentials act on the large and small components.
The explicit expressions for Ynκ(r), X
(G)
nκ (r) and X
(F )
nκ (r) can be found in reference [69–71].
The above Eqs. (C.11a)-(C.11b) are called the Dirac-Fock equations. The direct
potential Ynκ(r) and exchange potential X
(G)
nκ (r), X
(F )
nκ (r) contain integral for large and
small components Gnκ and Fnκ, which makes Dirac-Fock equations a little more difficult
to solve. In the numerical calculations, the Dirac-Fock equations can be solved by the
following iterative method:
• First, pick the large component G(0)nκ , small component F
(0)
nκ and energy eigenvalue ε
(0)
nκ
as trial solutions of Dirac-Fock equations. The direct potential Ynκ(r) and exchange
potential X(G)nκ (r), X
(F )
nκ (r) can be calculated through these trial solutions G
(0)
nκ , F
(0)
nκ
and ε(0)nκ . Plug the calculated Ynκ(r), X
(G)
nκ (r), X
(F )
nκ (r) into Dirac-Fock equations
(C.11a)-(C.11b) and obtain the new solutions G(1)nκ , F
(1)
nκ , ε
(1)
nκ .
• Take the solutions G(1)nκ , F
(1)
nκ , ε
(1)
nκ in the first step as new trial solutions, then calculate
the direct and exchange potentials Ynκ(r), X
(G)
nκ (r), X
(F )
nκ (r) with the help of G
(1)
nκ ,
F
(1)
nκ , ε
(1)
nκ . Plug the calculated Ynκ(r), X
(G)
nκ (r), X
(F )
nκ (r) into Dirac-Fock equations
(C.11a)-(C.11b)and obtained the new solutions G(2)nκ , F
(2)
nκ , ε
(2)
nκ , the same as in the
first step.
• ......
• Repeat the above procedures routinely. When the energy eigenvalue in the i step ε(i)nκ
converges to the energy eigenvalue in the i+1 step ε(i+1)nκ , the correct energy eigenvalue
εnκ and the ground state wavefunction unκ = (Gnκ, Fnκ) for each subshell electron
are solved from Dirac-Fock equation, and this iterative algorithm is self-consistent.
Once Dirac-Fock equations are solved, the large component Gnκ = Gnjl, small compo-
nents Fnκ = Fnjl as well as the energy eigenvalue εnκ = εnjl for different subshell electrons
are obtained. Therefore, the corresponding electron momentum wavefunctions are given by
the following Fourier transformation [139]:
φGnjl(p) =
√
2
pi
∫ ∞
0
Gnlj(r)jl(pr)r
2dr (C.12a)
φFnjl(p) =
{√ 2
pi
∫∞
0 Fnjl(r)jl+1(pr)r
2dr j = l + 12√
2
pi
∫∞
0 Fnjl(r)jl−1(pr)r
2dr j = l − 12
(C.12b)
where φGnjl, φ
F
njl are the large and small components of electron momentum wavefunctions
of (njl) subshell, and jl(pr) is the spherical Bessel function. Based on electron momentum
wavefunctions, the momentum distribution of electrons in atomic system is calculated as
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follows [70, 93]:
ρnjl(p) = |φnjl(p)|2 = (φGnjl(p))2 + (φFnjl(p))2 (C.13a)
ρ(p) =
Z∑
a=1
|φa(p)|2 =
∑
njl
Nnjl
(
(φGnjl(p))
2 + (φFnjl(p))
2
)
=
∑
njl
Nnjlρnjl(p) (C.13b)
Finally, the atomic Compton profile defined in Eq. (3.11) can be calculated through
the integration of electron momentum distributions ρ(p) and ρnjl(p).
Jnjl(pz) = 2pi
∞∫
|pz |
pρnjl(p)dp (C.14a)
J(pz) = 2pi
∞∫
|pz |
pρ(p)dp =
∑
njl
NnjlJnjl(pz) (C.14b)
The atomic Compton profile, when plugged into Eqs. (4.17)-(4.18) and Eqs. (4.22)-(4.23),
can give the differential cross section for the atomic ionization process induced by mil-
licharged particles in RIA approach.
D Supplementary: More Figures on Reaction Event Rates in HPGe and
LXe Detectors
In this appendix, the detailed numerical results on reaction event rates in HPGe and LXe
detectors calculated using FEA, EPA and RIA approaches are given for different dark
matter particle mass mχ and their millicharge δχ. The estimations of detecting sensitivity
on dark matter millicharge δχ for next-generation HPGe and LXe based experiments, which
has been summarized in subsection 5.3, are obtained from these results.
From the numerical results in figures 10-14, it is indicated that our RIA results are
approaching to the FEA results when energy transfer T is large. For large dark matter
particle mass mχ, i.e. mχc2 =100 keV, this tendency becomes more apparent. On the
other hand, the difference between our RIA results and EPA results becomes tiny in the
ultra-low-energy transfer region (namely in the T → 0 limit), especially for LXe detectors.
This is consistent with the conclusions in subsection 5.2, indicating the validity of our RIA
approach in the entire region of energy transfer T .
Furthermore, figures 10-14 also show that, for smaller dark matter particle mass mχ,
the differences between FEA and EPA results become larger in the low-energy transfer
region. When the dark matter particle mass mχ reduces, the discrepancies between the
FEA results and simplified FEA results become more notable. In the appendix A, it is
shown that the simplified RIA results reduced to the FEA results only when conditions
mχ  me, T  mec2, T  Eχ are satisfied. For smaller dark matter particle mass
mχ, the minimal energy for incoming millicharged dark matter particle, which is chosen as
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Figure 10. The differential reaction event rates for the atomic ionization process induced by
millicharged particles in HPGe and LXe detectors. The mass of millicharged dark matter particle
is set as mχc2 = 10 eV, and its millicharge δχ is chosen such that the reaction event rates in HPGe
and LXe detectors match the experimental background levels for next-generation experiments,
respectively. In this figure, the horizontal axis represents the energy transfer T , and the vertical
axis represents the differential event rate dR/dT in unit of cpkkd. The same as in figure 6 and figure
9, the red solid lines correspond to the FEA results; red dashed lines represent the simplified FEA
results; blue lines stand for the EPA results; black squares display the RIA results; gray triangles
show the simplified RIA results.
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Figure 11. The differential reaction event rates for the atomic ionization process induced by
millicharged particles in HPGe and LXe detectors. The mass of millicharged dark matter particle
is set as mχc2 = 100 eV, and its millicharge δχ is chosen such that the reaction event rates in HPGe
and LXe detectors match the experimental background levels for next-generation experiments,
respectively. In this figure, the horizontal axis represents the energy transfer T , and the vertical
axis represents the differential event rate dR/dT in unit of cpkkd. The same as in figure 6 and figure
9, the red solid lines correspond to the FEA results; red dashed lines represent the simplified FEA
results; blue lines stand for the EPA results; black squares display the RIA results; gray triangles
show the simplified RIA results.
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Figure 12. The differential reaction event rates for the atomic ionization process induced by
millicharged particles in HPGe and LXe detectors. The mass of millicharged dark matter particle
is set as mχc2 = 1 keV, and its millicharge δχ is chosen such that the reaction event rates in HPGe
and LXe detectors match the experimental background levels for next-generation experiments,
respectively. In this figure, the horizontal axis represents the energy transfer T , and the vertical
axis represents the differential event rate dR/dT in unit of cpkkd. The same as in figure 6 and figure
9, the red solid lines correspond to the FEA results; red dashed lines represent the simplified FEA
results; blue lines stand for the EPA results; black squares display the RIA results; gray triangles
show the simplified RIA results.
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Figure 13. The differential reaction event rates for the atomic ionization process induced by
millicharged particles in HPGe and LXe detectors. The mass of millicharged dark matter particle
is set as mχc2 = 10 keV, and its millicharge δχ is chosen such that the reaction event rates in HPGe
and LXe detectors match the experimental background levels for next-generation experiments,
respectively. In this figure, the horizontal axis represents the energy transfer T , and the vertical
axis represents the differential event rate dR/dT in unit of cpkkd. The same as in figure 6 and figure
9, the red solid lines correspond to the FEA results; red dashed lines represent the simplified FEA
results; blue lines stand for the EPA results; black squares display the RIA results; gray triangles
show the simplified RIA results.
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Figure 14. The differential reaction event rates for the atomic ionization process induced by
millicharged particles in HPGe and LXe detectors. The mass of millicharged dark matter particle is
set as mχc2 = 100 keV, and its millicharge δχ is chosen such that the reaction event rates in HPGe
and LXe detectors match the experimental background levels for next-generation experiments,
respectively. In this figure, the horizontal axis represents the energy transfer T , and the vertical
axis represents the differential event rate dR/dT in unit of cpkkd. The same as in figure 6 and figure
9, the red solid lines correspond to the FEA results; red dashed lines represent the simplified FEA
results; blue lines stand for the EPA results; black squares display the RIA results; gray triangles
show the simplified RIA results.
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Eminχ = 10 mχc
2 in our numerical calculations, becomes lower. Therefore, there are large
amount of millicharged dark matter particles entering into HPGe and LXe detectors, and
the condition T  Eχ is harder to satisfy in this case.
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